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A B S T R A C T

Piezoelectric ultrasonic transducers are widely used and can offer great benefits, e.g., in ultrasonic machining,
cleaning, and cutting. However, due to the resonance behavior of these transducers, feedback controllers
that track the resonance frequency and regulate the vibration amplitude are often indispensable to ensure
efficiency. This article presents a generic and efficient approach to designing proportional–integral controllers
for piezoelectric ultrasonic transducers using the method of pole-zero cancellation based on a model of
their vibration amplitude and phase dynamics. The parametric design method was experimentally applied
to a piezoelectric ultrasonic periodontal scaler and compared with other tuning methods to demonstrate its
advantages. The parametric design methodrequired ten times fewer experiments to parameterize the controller
than the Ziegler–Nichols method, for instance, and resulted in a closed-loop system with better load rejection
than the other tuning methods. The results document that the new method can considerably simplify and
accelerate the development of performant feedback controllers for piezoelectric ultrasonic transducers.
. Introduction

Piezoelectric ultrasonic transducers (PUTs) are used in various in-
ustrial and clinical applications such as ultrasonic machining, clean-
ng, and cutting. As the electro-mechanical bandwidth of PUTs is
ypically very narrow, they must be operated precisely at their reso-
ance frequency to generate sufficient vibration. However, PUTs often
anifest considerable variations during operation, e.g., changes in the

esonance frequency and the vibration amplitude due to varying load,
elf-heating, or aging [1–5].

Consequently, PUTs require feedback controllers that track the
esonance frequency and maintain a constant vibration amplitude
n most applications. Although sophisticated control algorithms have
ained attention in the scientific community [6–11], proportional (P),
roportional–integral (PI), and proportional–integral–differential (PID)
ontrollers are still widely used not only in industrial systems but also
n research applications. Such controllers are highly popular as they
an deliver excellent performance, while their simple structure and low
omplexity enable rapid implementation at low cost.

The design of such controllers typically relies on empirical tun-
ng [12–17] or heuristic methods [18–22]. Empirical tuning involves

✩ This paper was recommended for publication by Associate Editor Minghui Zheng.
∗ Corresponding author.

E-mail address: thomas.niederhauser@bfh.ch (T. Niederhauser).

time-consuming repetitions of parameter adjustments and experiments
to analyze the resulting controller performance by trial and error. The
results largely depend on the engineer’s expertise and effort and may
be limited to specific transducers. Similarly, heuristic approaches, such
as the Ziegler–Nichols method [23], typically require numerous and
potentially destructive experiments, e.g., to search for the ultimate gain
at which the control loop’s output manifests sustained and stable oscil-
lations. Furthermore, they may lack the potential to achieve specific
design targets such as desired closed-loop response times.

Apart from these two concepts, various other methods to tune
PI controllers are described in scientific literature, e.g., the mod-
ified Ziegler–Nichols (MZN) method [24], the Tyreus-Luyben (TL)
method [25], Kappa-Tau (KT) tuning [24], or internal model control
(IMC) [26]. Even though these methods are not common to tune con-
trollers for PUTs, they may also offer some benefits in this application
as well since they result in a closed-loop system with better damping
and higher robustness.

In contrast to the aforementioned concepts, I. Ille et al. proposed an
approach to parameterize PI controllers for PUTs based on a model of
the amplitude and phase dynamics derived from the Butterworth–Van
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Dyke (BVD) [27]. However, the article does not outline the proce-
dure in detail, and we empirically found that the model’s accuracy
is limited during fast transients of the driving voltage amplitude and
frequency [6].

In previous work, our group investigated the operation of piezo-
electric ultrasonic periodontal scalers (PUPS) based on PUTs in a con-
ventional Langevin configuration and based on planar PUTs [1,28–30].
One study revealed that the force exerted by periodontists and dental
hygienists on PUPS frequently varies considerably during use, which
underlines the importance of a feedback control system [30]. The
parameterization of proportional–integral–derivative (PID) controllers
for these devices with empirical or heuristic methods was very time-
consuming and the performance of the resulting closed-loop system was
not allays satisfying. Based on our experience and since a derivative
action of a feedback controller tends to amplify noise, we suspected
that a proportional–integral (PI) controller could be expedient in the
given application. Consequently, we developed a new method to para-
metrically design PI controllers for PUTs based on the method of
pole-zero cancellation (PZC) [31,32]. By applying harmonic averaging
to the BVD model, we derived a model that accurately reproduces the
vibration amplitude and phase dynamics of PUTs, even during fast
transients of the driving voltage amplitude and frequency [6]. This
article outlines how this model can be used to design PI controllers for
PUTs using PZC and presents the results of an experimental application
to a piezoelectric ultrasonic periodontal scaler (PUPS) in comparison
to other tuning methods. This article aims to provide scientists and
engineers with a new method to design PI controllers for PUTs with
excellent closed-loop behavior and minimal effort.

Section 2 presents essential materials and methods, including the
model for the vibration amplitude and phase dynamics and the para-
metric method to design PI controllers for PUTs. Section 4 subsequently
documents the results of an experimental application of the parametric
design method and other tuning methods to control a PUPS. The results
are discussed in Section 5, followed by Section 6, concluding this
article.

2. Materials and methods

2.1. Piezoelectric ultrasonic periodontal scaler

The PUPS depicted in Fig. 1(a) was used to experimentally evaluate
the parametric method to design PI controllers for PUTs outlined in
Section 3. This PUPS is based on a Langevin-type PUT with a nom-
inal resonance frequency of approximately 29.5 k Hz and driven by a
sinusoidal voltage with amplitudes up to 100 V.

2.2. Butterworth–Van Dyke model

The BVD model is an electrical equivalent circuit consisting of
four parameters, namely 𝐶0, 𝐶, 𝐿, and 𝑅, as depicted in Fig. 1(b),
and is frequently used to model PUTs [33]. While 𝐶0 represents the
PUT’s electrical capacitance, the series circuit comprising 𝑅, 𝐿, and
𝐶 mimics the transducer’s electro-mechanical coupling and oscillation.
The velocity 𝑣 of the PUT’s mechanical oscillation is assumed to be
proportional to the so-called mechanical current 𝑖𝑚 through 𝑅, 𝐿, and
𝐶, by a coupling factor denoted by 𝛼 hereafter, i.e., 𝑣 ≈ 𝛼 𝑖𝑚. In the
given application, the PUT is driven by a sinusoidal voltage 𝑢(𝑡) with
an amplitude denoted by 𝑢̂(𝑡) and an angular frequency denoted 𝜔(𝑡)
hereafter, i.e.,

𝑢(𝑡) = 𝑢̂(𝑡) sin(𝜔(𝑡) 𝑡). (1)

Consequently, the PUT generates a mechanical oscillation with an
approximately sinusoidal velocity 𝑣(𝑡) that can be described by

𝑣(𝑡) = 𝑣̂(𝑡) sin(𝜔(𝑡) 𝑡 + 𝜙(𝑡)), (2)
2 
Fig. 1. (a) Piezoelectric ultrasonic periodontal scaler (PIEZON LED Handpiece, Electro
Medical Systems SA, Nyon, Switzerland) used for the experimental verification. (b)
Butterworth Van-Dyke model for piezoelectric ultrasonic transducers.

where 𝑣̂(𝑡) denotes the velocity’s amplitude and 𝜙(𝑡) its phase with
respect to 𝑢(𝑡).

In the BVD model, the impedances of the static capacitance 𝑍𝐶0
, of

the mechanical branch 𝑍𝑚, and at the input 𝑍𝑖𝑛, in dependence of the
angular frequency 𝜔, are given by

𝑍𝐶0
(𝜔) = 1

𝑖 𝜔 𝐶0
, (3)

𝑍𝑚(𝜔) = 𝑅 + 𝑖 𝜔 𝐿 + 1
𝑖 𝜔 𝐶 , and (4)

𝑍𝑖𝑛(𝜔) =
𝑍𝐶0

(𝜔)𝑍𝑚(𝜔)
𝑍𝐶0

(𝜔)+𝑍𝑚(𝜔)
, (5)

where 𝑖 denotes the imaginary unit.
As stated above, the PUT’s vibration velocity 𝑣 is proportional to the

current through the mechanical branch and, thus, related to the driving
voltage 𝑢 and 𝑍𝑚 by

𝑣(𝑡) = 𝛼
𝑢(𝑡)
𝑍𝑚(𝑡)

. (6)

This implies that the vibration velocity’s amplitude 𝑣̂ and phase 𝜙 can
be described by

𝑣̂(𝑡) = 𝛼
𝑢̂(𝑡)

|𝑍𝑚(𝑡)|
, and (7)

𝜙(𝑡) = −∠𝑍𝑚(𝑡). (8)

At resonance frequency 𝜔𝑛, defined as

𝜔𝑛 =
1

√

𝐿 𝐶
, (9)

the magnitude of 𝑍𝑚 is equal to 𝑅, and its phase is zero, i.e.,

𝑍𝑚(𝜔𝑛) = 𝑅. (10)

Consequently, the vibration velocity’s phase 𝜙 is zero at the resonance
frequency in this case. Furthermore, the vibration velocity’s amplitude
𝑣̂ is maximal in this case, since |𝑍𝑚(𝑤)| ≥ 𝑅 ∀ 𝜔 ≠ 𝜔𝑛.

At frequencies far away from resonance, the input impedance 𝑍𝑖𝑛 is
dominated by the static capacitance 𝐶0 and can be approximated by

𝑍𝑖𝑛(𝜔) ≈ 1
𝑖 𝜔 𝐶0

, if |𝜔 − 𝜔𝑛| ≫ 0. (11)
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2.3. Amplitude and phase dynamics model

By applying harmonic averaging to the mechanical branch of the
BVD model [6], we demonstrated that the small signal dynamics of
the vibration velocity’s amplitude and phase can be approximated with
high accuracy by first-order linear time-invariant systems with time
constants 𝜏𝑣̂ and 𝜏𝜙, respectively, i.e., by the transfer functions

𝐺𝑝𝑣̂ (𝑠) =
𝑉 (𝑠)
𝑈̂ (𝑠)

≈ 𝛼
2𝐿 𝑠 + 𝑅

=
𝛼
2𝐿

𝑠 + 1
𝜏𝑣̂

, and (12)

𝐺𝑝𝜙 (𝑠) =
𝛷(𝑠)
𝛥𝛺(𝑠)

≈ −2𝐿
2𝐿 𝑠 + 𝑅

= −1
𝑠 + 1

𝜏𝜙

, with (13)

𝜏𝑣̂ = 𝜏𝜙 = 2𝐿
𝑅

, (14)

if the PUT is operated near resonance and 𝐶∕𝐿 ≈ 0 holds. Here, 𝑈̂ , 𝛥𝛺,
𝑉 , and 𝛷 denote the Laplace transforms of 𝑢̂, 𝛥𝜔 = 𝜔 − 𝜔𝑛, 𝑣̂, and 𝜙,
respectively.

As outlined by other authors, the time constants also characterize
the step response times, i.e., the time after which the vibration veloc-
ity’s amplitude and phase reach ∼ 63% of the step height after a change
of the driving voltage amplitude and frequency, respectively [34].

In analogy to Eqs. (12) and (13), discretized transfer functions can
be given by

𝐺𝑝𝑣̂ (𝑧) =
𝑉 (𝑧)
𝑈̂ (𝑧)

≈
− 𝛼

𝑅 (𝑒−
𝑅 𝑇𝑠
2𝐿 − 1)

𝑧 − 𝑒−
𝑅 𝑇𝑠
2𝐿

and (15)

𝐺𝑝𝜙 (𝑧) =
𝛷(𝑧)
𝛥𝛺(𝑧)

≈
2𝐿
𝑅 (𝑒−

𝑅 𝑇𝑠
2𝐿 − 1)

𝑧 − 𝑒−
𝑅 𝑇𝑠
2𝐿

, (16)

where 𝑇𝑠 denotes the sampling period [34].

2.4. Control structure

Two PI controllers operating in parallel are used to track the res-
onance frequency and regulate the vibration amplitude of the PUT,
as illustrated in Fig. 2. One PI controller regulates the vibration ve-
locity amplitude 𝑣̂ to a setpoint 𝑣̂𝑠𝑒𝑡 by modifying the driving voltage
amplitude 𝑢̂ using the control law

𝐺𝑐𝑣̂ (𝑠) =
𝑈̂ (𝑠)
𝐸𝑣̂(𝑠)

= 𝐾𝑝𝑣̂ +
𝐾𝑖𝑣̂
𝑠

, (17)

where the amplitude error 𝑒𝑣̂ is given by

𝑒𝑣̂ = 𝑣̂𝑠𝑒𝑡 − 𝑣̂. (18)

A second PI controller regulates the phase of the vibration velocity 𝜙 to
0◦ to track the resonance frequency by modifying the driving frequency
𝜔 using the control law

𝐺𝑐𝜙 (𝑠) =
𝛥𝛺(𝑠)
𝐸𝜙(𝑠)

= 𝐾𝑝𝜙 +
𝐾𝑖𝜙

𝑠
, (19)

where the phase error 𝑒𝜙 is given by

𝑒𝜙 = 0◦ − 𝜙. (20)

Subsequently, a sinusoidal voltage is synthesized to drive the PUT, i.e.,

𝑢 = 𝑢̂ sin((𝜔𝑛 + 𝛥𝜔) 𝑡). (21)

For the implementation on digital control systems, discretized ver-
sions of these Equations may be required. In analogy to (17) and (19),
the discrete-time control laws can be given by

𝐺𝑐𝑣̂ (𝑧) =
𝑈̂ (𝑧)
𝐸𝑣̂(𝑧)

= 𝐾𝑝𝑣̂ +𝐾𝑖𝑣̂
𝑇𝑠

𝑧 − 1 and (22)

𝐺𝑐𝜙 (𝑧) =
𝛥𝛺(𝑧)
𝐸𝜙(𝑧)

= 𝐾𝑝𝜙 +𝐾𝑖𝜙
𝑇𝑠

𝑧 − 1 . (23)
3 
Fig. 2. Block diagram of control structure comprising a PI controller (𝑃 𝐼𝑣̂) to regulate
the estimated vibration velocity amplitude, and a PI controller (𝑃 𝐼𝜙) to track the
resonance frequency. The vibration velocity is estimated since its direct measurement
is impaired in the given application.

Some PUTs, e.g., the PUPS described in Section 2.1, do not comprise
a sensor to measure the vibration velocity 𝑣. In this case, the vibration
velocity’s amplitude 𝑣̂ and phase 𝜙 can be estimated based on mea-
surements of the input impedance 𝑍𝑖𝑛, for instance by mathematically
compensating the influence 𝐶0 based on Eq. (5), i.e.,

𝑍𝑚 = 1
1

𝑍𝑖𝑛
− 𝑖 𝜔 𝐶0

, (24)

𝑣̂𝑒𝑠𝑡 = 𝛼 𝑢̂
|𝑍𝑚|

, and (25)

𝜙𝑒𝑠𝑡 = −∠𝑍𝑚. (26)

2.5. Electronic control system

A custom-built electronic system developed in previous work [35],
based on a microcontroller development board (NUCLEO-H743ZI2, ST-
Microelectronics, Geneva, Switzerland) and a power amplifier (‘‘PX200-
V100,100’’, PiezoDrive, Shortland, Australia) was used to implement
the PI controllers.

The PUPS’s driving voltage and input current are preconditioned by
analog circuits and sampled by ADCs. These measurements are used
to calculate updated values of the driving voltage amplitude 𝑢̂ and
frequency 𝜔 as outlined in Section 2.4. An updated sinusoidal signal
is then generated by a DAC, amplified, and applied to the PUPS. The
sampling period of the control system is fixed to 𝑇𝑠 = 0.5 ms. The
driving voltage amplitude can vary from 1 V up to 100 V and the driving
frequency from 20 k Hz to 40 k Hz.

2.6. Measurement setup

A custom-built measurement system developed in previous work [1],
controlled by MATLAB (R2021a, The MathWorks Inc., Natick, Mas-
sachusetts, USA), was used to measure the vibration velocity at the
tip of the PUPS using a laser Doppler vibrometer connected to a DAQ
module and a computer. Additionally, the measurement system can
apply a lateral force at the tip of the PUPS using a wet laboratory slab
and measure it using a three-axis force sensor. To record the PUPS’s
driving voltage and input current, the electronic system outlined in
Section 2.5 was used.

2.7. Simulation

The control system and the PUPS were simulated in MATLAB. The
discrete-time control loop was simulated based on the equations in
Section 2.4 complemented by code to simulate implementation-specific
aspects of the electronic control system presented in Section 2.5. The
PUPS was simulated using the BVD model outlined in Section 2.2 with
the values listed in Table 1.

2.8. Conventional tuning methods

To evaluate the performance of the parametric design method pre-
sented in Section 3, it is compared to various tuning methods for PI
controllers described in scientific literature.
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2.8.1. Ziegler–Nichols (ZN) method
According to the ZN method [23], iterative experiments with a

urely proportional controller are conducted in a first step. The gain
s varied until the so-called ultimate gain 𝐾𝑢 is found, at which the

output of the closed-loop system exhibits a stable oscillation. The period
of this stable oscillation 𝑇𝑢 is then measured and used together with
he ultimate gain to determine the gains for the controller based on
mpirically derived equations, i.e., 𝐾𝑝 = 0.45𝐾𝑢 and 𝐾𝑖 = 0.54 𝐾𝑢

𝑇𝑢
[23].

In the application for the PUPS, 11 and 16 experiments were re-
quired to determine 𝐾𝑢 and 𝑇𝑢 for the amplitude and phase controller,
respectively.

2.8.2. Modified Ziegler–Nichols (MZN) method
The MZN method is similar to the ZN method but can result in

a closed-loop system with improved damping [24]. As outlined by
strom et al. the gains are calculated by 𝐾𝑝 = 𝐾𝑢 𝑟𝑏 cos(𝜙𝑏) and
𝑖 =

2𝜋 𝐾𝑢 𝑟𝑏 sin(𝜙𝑏)
𝑇𝑢

in this case, where a reasonable choice of the tuning
arameters 𝑟𝑏 and 𝜙𝑏 is 0.5 and 20◦, respectively [24].

2.8.3. Tyreus-Luyben (TL) method
The method by Tyreus and Luyben (TL) is similar to the ZN

ethod, too, aiming to improve the robustness and reduce oscillatory
effects [25]. As for the ZN method, the controller gains are calculated
ased on a measurement of the ultimate gain 𝐾𝑢 and the resulting
scillation period 𝑇𝑢. However, according to the TL method, the gains

are calculated by 𝐾𝑝 =
𝐾𝑢
3.2 and 𝐾𝑖 =

𝐾𝑝
2.2 𝑇𝑢

for a PI controller.

2.8.4. Kappa-Tau (KT) method
The method of Kappa-Tau (KT) tuning comprises several variations

and can be considered as a generalization of the ZN method, with which
better damping and rejection of load disturbances can be achieved, as
outlined by Astrom and Hägglund [24]. In contrast to other methods,
he KT is based on a two-degree-of-freedom PI (or PID) controller,
hich includes a setpoint weighting on the proportional (and even-

ually on the derivative) term. Such a PI controller can be described
y 𝑢(𝑠) = 𝐾𝑝 (𝑏 𝑦𝑠𝑒𝑡 − 𝑦) + 𝐾𝑝

𝑇𝑖 𝑠
(𝑦𝑠𝑒𝑡 − 𝑦). In the application for the

PUPS, we applied the tuning formulas based on the so-called frequency-
response method [24]. As the ZN method, this requires knowledge of
he ultimate gain 𝐾𝑢 and of the oscillation period 𝑇𝑢. Additionally,

knowledge of the plant’s static gain 𝐾 is required, and the tuning
arameter maximum sensitivity 𝑀𝑠 has to be selected, typically in
he range from 1.4 to 2.0. On the PUPS, we tested amplitude- and
hase-controllers based on this method with a maximum sensitivity of
𝑠 = 1.4 (abbreviated as KT14) and 𝑀𝑠 = 2.0 (KT20), respectively.

Based on the gain ratio 𝜅 = 1
𝐾𝑢 𝐾

, the controller parameters 𝐾𝑝, 𝑇𝑖,
nd 𝑏, are calculated as follows: For 𝑀𝑠 = 1.4 they are calculated by
𝑝 = 0.053𝑒2.9𝜅−2.6𝜅2𝐾𝑢, 𝑇𝑖 = 0.9𝑒−4.4𝜅+2.7𝜅2𝑇𝑢, and 𝑏 = 1.1𝑒−0.0061𝜅+1.8𝜅2 .
or 𝑀𝑠 = 2.0 they are calculated by 𝐾𝑝 = 0.13𝑒1.9𝜅−1.3𝜅2𝐾𝑢, 𝑇𝑖 =
.9𝑒−4.4𝜅+2.7𝜅2𝑇𝑢, and 𝑏 = 0.48𝑒−0.4𝜅−0.17𝜅2 .

2.8.5. Internal model control (IMC)
The method of IMC [26] assumes that the system to be controlled

an be approximated by a first-order model without delay, i.e., by a
transfer function of the form 𝐺𝑝(𝑠) = 𝐾

𝜏 𝑠+1 . Based on this model and the
chosen desired closed-loop response time 𝜏𝐶 𝐿 the gains of PI controllers
re then calculated by 𝐾𝑝 = 𝜏

𝐾 𝜏𝐶 𝐿 and 𝐾𝑖 = 𝜏
𝐾 𝜏𝐶 𝐿 min(𝜏 ,4𝜏𝐶 𝐿) . In the

pplication for the PUPS, the parameters of the amplitude and phase
ynamics models, as presented in Section 2.3, were identified from
 frequency sweep, as outlined in Section 3.1. In this case, 𝜏 = 2𝐿

𝑅
for both controllers, while 𝐾 = 𝛼

𝑅 for the amplitude controller and
= −2𝐿

𝑅 for the phase controller, as can be seen from Eqs. (12), (13),
and (14).
4 
Table 1
Model parameters of the piezoelectric ultrasonic periodontal scaler.

Values without load Values with ∼0.25 N
applied at the tip applied at the tip

𝐶0 1.6 nF 1.6 nF
𝑅 194.3 Ω 238.9 Ω
𝐿 828.2 mH 828.5 mH
𝐶 35.1 pF 35.1 pF
𝛼 39.5 m∕(As) 39.5 m∕(As)

3. Parametric design of PI controllers by pole-zero cancellation
(PZC)

3.1. System identification

For the parametric design, illustrated in Fig. 3, the model param-
eters of the PUT have to be identified. The transfer functions in the
Eqs. (12) and (13) allow to take the frequency and step responses into
account for the calculation of these parameters.

First, the PUT’s input impedance is measured during a frequency
sweep, preferably at a driving voltage amplitude similar to that in
the foreseen application. 𝐶0 is then calculated using Eq. (11) from
the value of 𝑍𝑖𝑛 at a frequency sufficiently far away from resonance.
ubsequently, the values of 𝑍𝑚 are calculated using Eq. (24). The

resonance frequency 𝑤𝑛 is then identified as the frequency where
∠𝑍𝑚 = 0 and the value of 𝑅 = |𝑍𝑚(𝜔𝑛)| is read out, as indicated
in Eq. (10).

Second, the vibration velocity amplitude of the PUT during a step
of the driving voltage amplitude at resonance frequency is measured.

is then calculated from the response time 𝜏𝑣̂ of the vibration velocity
mplitude to reach ∼ 63% using Eq. (14). Finally, 𝐶 is determined using

the definition of 𝜔𝑛 in Eq. (9), and 𝛼 is calculated based on Eq. (6).
In the application for the PUPS, the model parameters listed in

Table 1 were identified from a frequency sweep at a driving voltage
mplitude of 10 V and the response to a step of the driving voltage

amplitude from 9 V to 10 V. A second set of model parameters was
identified when a force of approximately 0.25 N was applied laterally
t the tip of the PUPS to enable the simulation of a load step.

3.2. Calculation of controller gains

The method of pole-zero cancellation [31,32] is applied to achieve
 critically damped first-order closed-loop behavior of the vibration

velocity amplitude and phase with response times of 𝜏𝐶 𝐿𝑣̂
and 𝜏𝐶 𝐿𝜙

,
respectively.

Given Eqs. (12), (13), (17) and (19), the closed-loop transfer func-
ions for the vibration velocity amplitude and phase are given by

𝐺𝐶 𝐿𝑣̂
≈

(𝐾𝑝𝑣̂ +
𝐾𝑖𝑣̂
𝑠 )( 𝛼

2𝐿 𝑠+𝑅 )

1 + (𝐾𝑝𝑣̂ +
𝐾𝑖𝑣̂
𝑠 )( 𝛼

2𝐿 𝑠+𝑅 )
and (27)

𝐺𝐶 𝐿𝜙
≈

(𝐾𝑝𝜙 +
𝐾𝑖𝜙
𝑠 )( −2𝐿

2𝐿 𝑠+𝑅 )

1 + (𝐾𝑝𝜙 +
𝐾𝑖𝜙
𝑠 )( −2𝐿

2𝐿 𝑠+𝑅 )
. (28)

Consequently, to place the zeros of 𝐺𝐶 𝐿𝑣̂
and 𝐺𝐶 𝐿𝜙

onto the poles of
𝐺𝑝𝑣̂ and 𝐺𝑝𝜙 , respectively, the gains for the integral terms must fulfill

𝐾𝑖𝑣̂ =
𝐾𝑝𝑣̂ 𝑅

2𝐿
and (29)

𝐾𝑖𝜙 =
𝐾𝑝𝜙 𝑅

2𝐿
. (30)

With these gains (27) and (28) reduce to

𝐺𝐶 𝐿𝑣̂
≈

𝐾𝑝𝑣̂ 𝛼

𝐾𝑝𝑣̂ 𝛼 + 2𝐿 𝑠 =

𝐾𝑝𝑣̂ 𝛼

2𝐿

𝑠 + 1
, and (31)
𝜏𝐶 𝐿𝑣̂
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Fig. 3. Flow chart illustrating the parametric design of PI controllers with pole-zero cancellation for resonance frequency tracking and amplitude control of PUTs.
𝐺𝐶 𝐿𝜙
≈

𝐾𝑝𝜙

𝐾𝑝𝜙 − 𝑠
=

−𝐾𝑝𝜙

𝑠 + 1
𝜏𝐶 𝐿𝜙

, with (32)

𝜏𝐶 𝐿𝑣̂
= 2𝐿

𝐾𝑝𝑣̂ 𝛼
, and (33)

𝜏𝐶 𝐿𝜙
= − 1

𝐾𝑝𝜙
, (34)

where 𝜏𝐶 𝐿𝑣̂
and 𝜏𝐶 𝐿𝜙

are the closed-loop response times of the ampli-
tude and phase dynamics, respectively. Accordingly, the gains for the
proportional terms must fulfill

𝐾𝑝𝑣̂ = 2𝐿
𝛼 𝜏𝐶 𝐿𝑣̂

and (35)

𝐾𝑝𝜙 = − 1
𝜏𝐶 𝐿𝜙

(36)

to achieve the desired closed-loop response times. Thus, (29) and (30)
can be rewritten as

𝐾𝑖𝑣̂ = 𝑅
𝛼 𝜏𝐶 𝐿𝑣̂

and (37)

𝐾𝑖𝜙 = − 𝑅
2𝐿 𝜏𝐶 𝐿𝜙

. (38)

For discrete-time controllers the gains to achieve pole-zero cancel-
lation can correspondingly be calculated by

𝐾𝑝𝑣̂ = 𝑅
𝛼

𝑒
− 𝑇𝑠

𝜏𝐶 𝐿𝑣̂ − 1
𝑒−

𝑅 𝑇𝑠
2𝐿 − 1

, (39)

𝐾𝑝𝜙 = − 𝑅
2𝐿

𝑒
− 𝑇𝑠

𝜏𝐶 𝐿𝜙 − 1
𝑒−

𝑅 𝑇𝑠
2𝐿 − 1

, (40)

𝐾𝑖𝑣̂ = 𝑅
𝛼 𝑇𝑠

(1 − 𝑒
− 𝑇𝑠

𝜏𝐶 𝐿𝑣̂ ), and (41)

𝐾𝑖𝜙 = − 𝑅
2𝐿 𝑇𝑠

(1 − 𝑒
− 𝑇𝑠

𝜏𝐶 𝐿𝜙 ). (42)

In the application for the PUPS, the target closed-loop response
times were exemplarily chosen as 𝜏𝐶 𝐿𝑣̂

= 1 ms and 𝜏𝐶 𝐿𝜙
= 1 ms and

the gains of the two discrete-time PI controllers were calculated based
on the model parameters of the unloaded PUPS listed in Table 1. This
resulted in 𝐾𝑝𝑣̂ ≈ 34, 𝐾𝑖𝑣̂ ≈ 3873, 𝐾𝑝𝜙 ≈ −810, and 𝐾𝑖𝜙 ≈ −92317.

4. Experimental application

Fig. 4 depicts step responses measured on the PUPS in open-loop
and in closed-loop with the PZC controllers, as well as corresponding
simulations of the BVD model. In more detail, Fig. 4(a) depicts the
responses to a step of the target vibration velocity amplitude from
about 1.3 m∕s to 2.3 m∕s. In open-loop, the vibration velocity amplitude
increased with a response time of approximately 8.5 ms in the measure-
ment and the simulation. Simultaneously, the vibration velocity phase
𝜙 decreased from 20◦ to 0◦ in the measurements while it remained at
0◦ in the simulation. With the PZC PI controllers, the vibration velocity
amplitude increased with a response time of 1 ms without overshoot,
and the vibration velocity phase remained at 0◦, as desired, in the
measurement and the simulation. Fig. 4(b) depicts responses to a step of
the target vibration velocity phase from 30◦ to 0◦. In open-loop, the vi-
bration velocity phase decreased with a response time of approximately
8.9 ms and 8.1 ms in the measurement and the simulation, respectively.
5 
Simultaneously, the vibration velocity amplitude increased from about
2 m∕s to 2.3 m∕s. With the PZC controllers, the closed-loop manifested
the desired behavior again. The vibration velocity phase decreased to
0◦, indicating that the system reached resonance, with a response time
of approximately 1 ms and without undershoot, while the vibration
velocity amplitude remained at approximately 2.3 m∕s. Fig. 4(c) depicts
responses to a step of the loading force from 0 mN to about 250 mN.
In open-loop, the vibration velocity amplitude and phase substantially
decreased in the measurement and the simulation due to the loading
force. With the PZC controllers, the driving voltage amplitude gradually
increased in reaction to the loading force while the driving frequency
marginally decreased. Consequently, the vibration velocity amplitude
and phase remained at approximately 2.3 m∕s and 0◦, respectively, in
the measurement and the simulation.

Fig. 5 depicts step responses measured on the PUPS in open-loop
and in closed-loop with the PZC controller in comparison to responses
measured in closed-loop with PI controllers based on the other tuning
methods presented in Section 2.8. Again, Fig. 5(a) depicts the response
of the vibration velocity amplitude to a step of its target value from
about 1.3 m∕s to 2.3 m∕s. With the PZC controller, the vibration velocity
amplitude reached the new setpoint with a response time of about 1 ms
without considerable overshoot, as mentioned previously. In contrast,
the responses manifested a considerable overshoot with the controllers
based on IMC and TL. The tuning methods ZN, MZN, KT14, and KT20,
manifested even more prominent overshoots followed by subsequent
oscillations. Responses of the vibration velocity phase to a step of
the target phase from 30◦ to 0◦ are depicted in Fig. 5(b) and follow
a similar pattern: The PZC controller showed the desired response
time and no undershoot. With the controllers based on IMC and TL,
a considerable undershoot resulted. An even higher undershoot and
subsequent oscillations are visible with the other tuning methods. The
vibration velocity amplitude measured during a step of the loading
force from 0 mN to about 250 mN is shown in Fig. 5(c). All controller
designs considerably reduced the distortion compared to the open-loop
case. However, the PZC controller manifested the best load rejection
and reduced the distortion of the vibration velocity amplitude to less
than about 5.5%, as listed in Table 2.

5. Discussion

The results show that the proposed method to design the PI con-
trollers for PUTs based on PZC can have several advantages in com-
parison to the other tested methods: The PZC controllers resulted in
the best load rejection and in step-responses of the vibration velocity
amplitude and phase without over- or undershoot and with a desired
response time. Moreover, the PZC controllers can be designed based on
a single risk-free experiment, and the entire design procedure can be
automated.

Compared to the PZC method, all other tested tuning methods
manifested an inferior load rejection, resulting in a higher distortion of
the vibration velocity amplitude during a change of the loading force.
The controller based on PZC reduced such distortions to less than about
5.5%. The controllers tuned using KT14, KT20, MZN, and TL exhibited
inferior but acceptable load rejection, reducing the distortion to less
than 10%. The controllers tuned using ZN and IMC resulted in high
distortions during the load transient.

Furthermore, the step responses of the vibration velocity amplitude
and phase measured on the PUPS during steps of the corresponding
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Fig. 4. Step responses measured (Meas.) on the piezoelectric ultrasonic periodontal scaler (PUPS) and corresponding simulations (Sim.) in open-loop (OL) and in closed-loop with
the PI controller based on pole-zero cancellation (PZC). (a) Step of the target vibration velocity amplitude. (b) Step of the target vibration velocity phase. (c) Step of the loading
force acting on the tip of the PUPS.
Fig. 5. Step responses measured on the piezoelectric ultrasonic periodontal scaler in open-loop (OL) and in closed-loop with PI controllers tuned using the internal model control
(IMC), Ziegler–Nichols (ZN), modified Ziegler–Nichols (MZN), Kappa-Tau with 𝑀𝑠 = 1.4 (KT14) and 𝑀𝑠 = 2.0 (KT20), Tyreus-Luyben (TL), and pole-zero cancellation (PZC) method.
(a) Step of the target vibration velocity amplitude. (b) Step of the target vibration velocity phase. (c) Step of the loading force acting on the tip of the PUPS.
setpoints manifested no over- or undershoot and the desired response
time. In contrast, these step responses manifested a considerable over-
and undershoot, respectively, when the controllers based on the other
tuning methods were used. With the controllers based on the ZN,
MZN, and KT methods, the step responses even manifested several
oscillations.
6 
As outlined in Section 3.1, two experiments were used to identify
the model parameters of the PUPS for the application of the PZC and
the IMC method. Alternatively, these model parameters can also be
identified solely from the frequency response [1,6]. However, some
effects, i.e., an influence of the driving voltage amplitude on a PUT’s
characteristics, are not captured by a frequency response. In this case,
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Table 2
Characteristics of the responses of 𝑣̂ to a step of 𝑣̂𝑠𝑒𝑡, of 𝜙 to a step of 𝜙𝑠𝑒𝑡, and of 𝑣̂ to a step of the loading force in open-loop
and in closed-loop with various PI controllers.

𝑣̂ in Fig. 5(a) 𝜙 in Fig. 5(b) 𝑣̂ in Fig. 5(c)

Response- Settling- Response- Settling- Max.
timea timeb time1 timeb distortionc

Measured Open-Loop Response 8.5 ms 16.2 ms 8.9 ms 35.3 ms 35.1 %
Measured Closed-Loop Response with IMC 1.0 ms 1.5 ms 0.8 ms 1.4 ms 22.3 %
Measured Closed-Loop Response with ZN 0.4 ms 4.2 ms 0.3 ms 2.1 ms 10.9 %
Measured Closed-Loop Response with KT20 1.7 ms 39.7 ms 1.6 ms 6.0 ms 8.5 %
Measured Closed-Loop Response with MZN 0.6 ms 14.9 ms 0.3 ms 7.6 ms 8.4 %
Measured Closed-Loop Response with TL 0.4 ms 2.5 ms 0.5 ms 1.6 ms 7.8 %
Measured Closed-Loop Response with KT14 1.7 ms 13.7 ms 1.9 ms 14.3 ms 6.6 %
Measured Closed-Loop Response with PZC 1.0 ms 1.9 ms 1.1 ms 2.5 ms 5.5 %

a Time to reach 63.21% of the step height.
b Time to settle to a tolerance band of ±10% of the step height around the new setpoint.
c Maximum distortion in percent of the setpoint.
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the method presented in Section 3.1 can lead to parameters more accu-
rately reflecting the PUT’s characteristics relevant to a control system.

dditionally, the response times of the vibration velocity amplitude
nd phase may marginally differ, as visible in Table 2. It may thus

be advantageous to identify different sets of model parameters based
on the amplitude and phase step responses to design the correspond-
ing controllers. However, if the difference is small, as in the present
application, this is unnecessary, as can be seen in Table 2.

However, by means of simulations, we found that the performance
f the PI controllers tuned with PZC is rather not sensitive to model

parameter variations. If the equivalent circuit’s resistance is overesti-
ated by a factor of two, the step responses manifest an overshoot

f only approximately ten percent, for instance. The results of this
theoretical analysis are supported by practical experiments in which
periodontal hygienists used the PUPS to remove artificial calculus. In
this application, the characteristics of the PUPS can change consider-
ably due to the varying operating conditions [1]. However, the closed
ystem consistently performed as expected during these tests, with no
oticeable alteration of the step responses or any sign of instability.

In contrast, an a priori unknown number of iterative experiments
is required to parameterize the controllers using the ZN, MZN, KT,
and TL methods. In the application for the PUPS, 27 experiments were
required to design the controllers using these methods. Furthermore,
the experiments to determine the ultimate gain and oscillation period,
particularly of the amplitude controller, could be destructive for some
UTs. As an alternative, the so-called Relay Autotuning technique could
otentially be used to estimate the ultimate gain and the correspond-
ng oscillation period. However, modifications of the control system’s
ardware or software are required to enable such experiments. Further
nvestigations would be required to study the impact of this technique
or parameter estimation on the performance of controllers for PUTs,
hich was beyond the scope of this study.

While the high similarity of the measured and simulated responses
depicted in Fig. 4 illustrates that the BVD model accurately mimics the
behavior of the PUPS, the BVD model may not be valid to represent
particular PUTs. The static BVD model does not reproduce effects that
an influence the behavior of PUTs, i.e., drift, saturation, hysteresis,
r influence of operating conditions. However, these limitations may
e overcome by using extended versions of the BVD model [1–5].

In the case of the PUPS used in the present work, the most notable
effect not reproduced by the BVD model is the influence of load on
he transducer’s characteristics, noticeable, e.g., in Fig. 4(c). In the

simulations, the influence of load can be approximated by changing
he values of the BVD model parameters as outlined in Section 2.7.

Additionally, the driving voltage amplitude influences the resonance
frequency of the PUPS, e.g., visible in Fig. 4(a). However, since this
effect is comparatively small, the simulations correspond well with the
responses measured on the PUPS, confirming the BVD model’s validity
in the present application.
 c

7 
As documented in previous work [6], the harmonic averaging model
n Section 2.3 accurately reproduces the amplitude and phase dynamics
f the BVD model, if 𝐶∕𝐿 ≈ 0 and if the driving frequency is close to
he resonance frequency. In the case of the PUPS, 𝐶∕𝐿 < 10−10 and
roximity to resonance is maintained in the closed-loop system by the
eedback control, as can be seen in Figs. 4 and 5.

In some applications of PUTs, other types of controllers may be
favorable. Pole-placement controllers, for instance, may improve load
ejection compared to PI or PID controllers [31,32]. However, PI

and PID controllers are widely used to control PUTs, as outlined in
the introduction, since they can be implemented by analog or digital
electronic systems with comparatively low complexity and still provide
high performance. Purely proportional controllers may be sufficient in
applications where offset-free tracking is not required [7,31]. However,
in many applications of PUTs, offset-free tracking of the resonance
frequency as well as the vibration velocity amplitude is crucial, re-
quiring an integral action [7,31]. Conversely, extending the controllers
with a differential term does not seem expedient in the given appli-
cation. Adding a differential term would increase the complexity of
the control system and the sensitivity to distortions. Moreover, since
PUTs’ amplitude and phase dynamics may be approximated by first-
order transfer functions, as outlined in Section 2.3, a differential term
is not required to stabilize the system or to achieve desired closed-
loop response times. Furthermore, it should be noted that various other
tuning methods for PI controllers other than those tested in the scope
of this article and variations of the presented methods are described
in scientific literature. Some of these methods may perform similarly
to the proposed PZC method in some applications. However, based on
the available results, PZC should, at least, be considered as an efficient
tuning method to achieve high-performance controllers for PUTs.

Independent of the control algorithm, the electronic system used
to implement the feedback controllers heavily influences the overall
system’s performance. High measurement noise may cause the driv-
ing voltage amplitude or frequency to exceed the system’s output
range, particularly if small closed-loop response times have to be
achieved. Thus, great care should be taken to optimize the quality of
measurements in similar applications.

The closed-loop transfer functions in Eqs. (27) and (28) suggest
hat arbitrary closed-loop response times can be achieved. Yet, smaller
arget response times entail larger variations of the driving voltage am-
litude and frequency that may exceed the electronic system’s output
ange. Moreover, it is generally advisable to select closed-loop response
imes at least 5 to 10 times greater than the sampling period of discrete-
ime feedback controllers. However, the electronic control system’s
mall measurement noise and large output range facilitated to achieve

losed-loop response times of 1 ms in the present application.
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6. Conclusion

In this article, we presented a new method to identify model param-
eters and to parametrically design PI controllers for PUTs that track the
esonance frequency and regulate the vibration velocity amplitude with
igh performance.

The parametric method to design PI controllers for PUTs based
n pole-zero cancellation was experimentally applied to a PUPS and
ompared to other tuning methods. The proposed method required
hirteen times fewer experiments than the Ziegler–Nichols method, for
nstance, and resulted in a system that manifested superior closed-loop
ehavior than any of the other tuning methods.

The present work can considerably facilitate and accelerate the
esign of highly effective feedback controllers for PUTs in various
pplications.
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