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Abstract

We study the existence of nontrivial and of representable (dual) weak complementa-
tions, along with the lattice congruences that preserve them, in different constructions of
bounded lattices, then use this study to determine the finite (dual) weakly complemented
lattices with the largest numbers of congruences, along with the structures of their con-
gruence lattices. It turns out that, if » > 7 is a natural number, then the four largest num-
bers of congruences of the n—element (dual) weakly complemented lattices are: 2”72 + 1,
273 41,5270 4+ 1and 2" * + 1, which yields the fact that, for any n > 5, the largest and
second largest numbers of congruences of the n—element weakly dicomplemented lattices
are 2"73 + 1 and 2"* + 1. For smaller numbers of elements, several intermediate numbers
of congruences appear between the elements of these sequences.

Keywords (principal) congruence - (co)atom of a bounded lattice - (glued - ordinal -
horizontal) sum of bounded lattices - (nontrivial - representable) (dual) weak
complementation
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1 Introduction

Weakly dicomplemented lattices arise as abstractions of concept algebras, introduced by
Rudolf Wille when modelling negation on concept lattices [24]; they are bounded lattices
endowed with two unary operations, called weak complementation and dual weak com-
plementation, together forming the weak dicomplementation, which generalize Boolean
algebras; in fact if (L, A,V,”,0,1) is a Boolean algebra, then (L, A,V,",",0, 1) is a weakly
dicomplemented lattice. Their bounded lattice reducts endowed with the (dual) weak com-
plementation are called (dual) weakly complemented lattices. Any bounded lattice can be
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endowed with the trivial weak dicomplementation, formed of the weak complementation
that sends 1 to 0 and all other elements to 1 and the dual weak complementation that sends
0 to 1 and all other elements to 0. If X is a set and ¢ a closure operator on P(X), then the set
of closed subsets of X forms a lattice and the operation cA — ¢(X \ cA) is a weak comple-
mentation on the lattice of c-closed subsets of X. Dually, if k is a kernel operator on P(X),
then kB — k(X \ kB) is a dual weak complementation. Additional examples can be found
in [16].

We take a purely lattice—theoretical approach to the study of these algebras and inves-
tigate the existence of nontrivial weak dicomplementations on glued and horizontal sums
of bounded lattices, as well as (co)atomic bounded lattices with different numbers of (co)
atoms and determine the lattice congruences that preserve those (dual) weak comple-
mentations. This allows us to determine all weak dicomplementations that can be defined
on bounded lattices with certain lattice structures. Since the notion of representability is
important in the study of these algebras, we also determine which of those (dual) weak
complementations are representable.

After this preliminary investigation, we are able to determine the structures of the finite
(dual) weakly complemented lattices, as well as weakly dicomplemented lattices, that have
the largest numbers of congruences out of the algebras of the same kind with the same
numbers of elements, along with the structures of their congruence lattices; we do this
for weakly complemented lattices in our main theorem: Theorem 7.2, which also yields
the dual results for dual weakly complemented lattices, and for weakly dicomplemented
lattices in Corollary 7.1. This problem, which is also related to that of the representability
of lattices as congruence lattices of various kinds of algebras, has been investigated for lat-
tices in [5] and later in [3, 19], for semilattices in [4] and for bounded involution lattices,
pseudo—Kleene algebras and antiortholattices in [20]; its counterpart for infinite algebras
has been studied in [17, 18] and later in [2, 21].

2 Preliminaries

We will designate all algebras by their underlying sets. Recall that a variety V of similar
algebras is said to be semi—degenerate iff all subalgebras of any nonsingleton member of V
are nonsingleton. Clearly, any variety of bounded lattice—ordered algebras is semi—degen-
erate. We denote by N the set of the natural numbers and by N* = N\ {0}. u will be the dis-
joint union. For any set M, IM| denotes the cardinality of M and P(M) denotes the power set
of M; Part(M) and (Eq(M), N, V, =4, M 2y will be the complete lattices of the partitions and
the equivalences on M, respectively, where Eq(M) is ordered by the set inclusion, while the
order < of Part(M) is given by: for any z, p € Part(M), = < p iff every class of p is a union
of classes from z, and eq : Part(M) — Eq(M) will be the canonical lattice isomorphism.
If{M,,...,M,} € Part(M) for some n € N*, then eq({M,, ..., M,}) will be streamlined to
eq(M,, ..., M,). We will use Gritzer’s notation for the lattice operations [11].

Let V be a variety of algebras of a similarity type z, C a class of algebras with reducts in
V and A and B algebras with reducts in V. Then S,,(C) will denote the class of the subalge-
bras of the r—reducts of the members of C, and S,,({A}) will simply be denoted S,,(A). We
will abbreviate by A =, B the fact that the 7—reducts of A and B are isomorphic.

(Cony(A),N,V, =A,A2) will be the complete lattice of the congruences of the =
—reduct of A. For any n € N* and any constants ki, ...,k, from 7, we denote by
Coanl__.Kn(A) = {0 € Cony(A) | (Vi€ [1,n]) (K;‘/e = {K;‘})}, and, by extension, for any
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elements ay, ..., a, €A, by Cony, , (A)={6 € Cony(A) | (Vi€ [l,n])(4;/0={a;}}
which is a complete sublattice of Cony(A) and thus a bounded lattice, according to
the straightforward consequence [9, Lemma 2.(iii)] of [12, Corollary 2, p.51]. For
any X C A® and any a,b € A, we denote by Cgy 4(X) the congruence of the r—reduct of A
generated by X and, for brevity, the principal congruence Cgy 4({(a,b)}) by Cgy 4(a, D).

If V is the variety of (bounded) lattices, then the index V will be eliminated from the
notations above.

For any poset (P, <), Min(P) and Max(P) will be the set of the minimal elements and
that of the maximal elements of (P, <), respectively.

For any (bounded) lattice L, < will denote the cover relation of L, L4 will be the dual
of L and, if L has a 0, then the set of the atoms of L will be denoted by At(L), while, if
L has a 1, then the set of the coatoms of L will be denoted by CoAt(L). Recall that a lat-
tice with a 0 is said to be atomic iff each of its nonzero elements is lower bounded by an
atom; dually for coatomic lattices. For any a,b € L, we denote by [a,b]; = [a); N (D],
the interval of L bounded by a and b; we eliminate the index L from this notation if L
is N endowed with the natural order. Also, we denote by allb the fact that a and b are
incomparable. Note that all classes of any complete lattice congruence of a complete
lattice, in particular all classes of any lattice congruence of a finite lattice, are intervals.
Ji(L), Sji(L), Mi(L) and Smi(L) will be the sets of the join—irreducible, strictly (i.e. com-
pletely) join—irreducible, meet—irreducible and strictly (i.e. completely) meet—irreduc-
ible elements of L, respectively. For any a € Smi(L), we will denote the unique cover of
a in L by a*, or by a*L if the lattice L needs to be specified; similarly, for any b € Sji(L),
we denote by b~ or b~% the unique lower cover of b in L. For all n € N*, we denote by C,
the n—element chain.

Let L be a lattice with top element 1© and M be a lattice with bottom element 0¥,
Recall that the glued sum of L with M, denoted by L @ M, is the lattice obtained by
stacking M on top of L and gluing the top element of L together with the bottom element
of M, for the rigorous definition, see [9, 18], where we called this construction ordi-
nal sum. For any a € Con(L) and any § € Con(M), we denote by a @ f = Cg gy (a U f);
clearly, (L@ M)/(a ® f) = (L/a \ {1E/a})uM/B\ (OM/B}) U {1E/a U0 /B} and the
map (@, f) —» a @ f is a lattice isomorphism from Con(L) X Con(M) (= Con(L X M)) to
Con(L & M). Of course, the operation @ on bounded lattices is associative, and so is the
operation @ on the congruences of such lattices.

Now let L and M be nonsingleton bounded lattices. Recall that the horizontal sum
of L with M, denoted by L H M, is the nonsingleton bounded lattice obtained by glu-
ing the bottom elements of L and M together, gluing their top elements together
and letting all other elements of L be incomparable to every other element of M; for
the rigorous definition see [9, 18]. For any a € Con(L) and any f € Con(M), we
denote by afHpf = Cgymy(aUp); clearly, if a € Con (L) and § € Cony(M), then
LEM/@BA) =L\ {1})/au @™\ {0})/f € ConLEM)\ ((LEM)}. Note that
the horizontal sum of nonsingleton bounded lattices is commutative and associative, it
has C, as a neutral element and it can be generalized to arbitrary families of nonsingle-
ton bounded lattices; the operation [ on lattice congruences of those bounded lattices is
commutative and associative, as well. The five—element modular non—distributive lattice
is M,y =C; HHC; HHC; and the five—element non-modular lattice is M; = C; BHC,. For
any nonzero cardinality x, the modular lattice M, of length 3 with x atoms is the hori-
zontal sum of k copies of the three—element chain.
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3 The Algebras We Are Working With

Definition 3.1 Let (L, A, V, 0, 1) be a bounded lattice and 2, ¥ be unary operations on L.

The algebra (L, A, V,2 , 0, 1) is called a weakly complemented lattice iff the unary opera-
tion # is order—reversing and, for all x,y € L, x** < x and (x Ay) V (x Ay*) = x. In this
case, the operation * is called weak complementation on the bounded lattice L.

The algebra (L, A, V.Y ,0,1) is called a dual weakly complemented lattice iff the unary
operation " is order-reversing and, for all x,y € L, x <x"Vand (xVy)A(xVy') =x. In
this case, the operation Vis called dual weak complementation on L.

The algebra (L, A, Vv,2.V,0,1) is called a weakly dicomplemented lattice iff
(L,A,V,2,0,D)isa weakly complemented lattice and (L, A, V,V , 0, 1) is a dual weakly com-
plemented lattice. In this case, the pair (*,V ) is called weak dicomplementation on L.

If A is a bounded lattice, ® is a weak complementation and ¥ is a dual weak comple-
mentation on A, then the abbreviated notations (4,2 ), (4,Y) and (4,2 ,V) will designate
the weakly complemented lattice (4, A, V,* , 0, 1), the dual weakly complemented lattice
(A,A,V,Y,0,1), and the weakly dicomplemented lattice (4, A, V,2 .V ,0, 1), respectively.

Note that the denomination of weak complementation is also used for the notion of
semicomplementation in lattices with smallest element [1, 22].

We denote by BA, WCL, DWCL and WDL the varieties of Boolean algebras, weakly
complemented lattices, dual weakly complemented lattices and weakly dicomplemented
lattices, respectively.

It is immediate that any L € WCL satisfies the identities: 0 ~1, 12~0,
xVvx2~1 and (xAy)® ~x2Vvy?, as well as the quasiequations: x* =0 — x~ 1,
XAYyR0 - x2>yandx® <y - y* <x.

Dually, any L € DWCL satisfies the identities: 0V ~ 1, 1V 0, xAx¥ =0 and
xVvy)V =~ xV AyY, as well as the quasiequations: x¥ ~ 1 - x~0, xVy~x1—->x' <y
and x¥ >y = yV > x.

Additionally, any L € WDL satisfies: xV < x2.

Clearly, BA C WCL nDWCL, because the Boolean complementation of any
Boolean algebra A is a weak complementation, as well as a dual weak complemen-
tation on A. Hence BA can be considered as a subvariety of WDL with an extended
signature, by endowing each Boolean algebra with a second unary operation equal-
ling its Boolean complementation. Note that, w.r.t. this weak dicomplementation,
Conyypy (A) = Conyycy (A) = Conpyycy (A) = Conga(A) = Con(A). Moreover, from the
above it is easy to notice that, in a weakly dicomplemented lattice L, the weak comple-
mentation coincides with the weak dicomplementation iff L is a Boolean algebra and
each of these operations coincides with the Boolean complementation of L. Hence BA
with the extended signature is exactly the subvariety of WDL axiomatized by x* ~ xV.

Let us notice that any bounded lattice L can be organized as a weakly complemented
lattice by endowing it with the trivial weak complementation: x* = 1forallx € L\ {1},
and it can be organized as a dual weakly complemented lattice by endowing it with the
trivial dual weak complementation: x¥ = 0 for all x € L\ {0}, hence it can be organized
as a weakly dicomplemented lattice by endowing it with the trivial weak dicomplemen-
tation: (*,V), where * is the trivial weak complementation and V is the trivial dual weak
complementation on L.
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Since WDL E {x Ay~ 00— x®>y,xVy~1—-xV <y}, it clearly follows that, for
any cardinality ¥ > 3, the bounded lattice M, can only be endowed with the trivial weak
dicomplementation.

Of course, for any L € WDL, if we consider its reducts from WCL and DWCL, then
Conyypy (L) = Conyyey (L) N Congyyey (L)

Clearly, the trivial weak complementation is the (pointwise) largest weak complemen-
tation on L, while the trivial dual weak complementation is the (pointwise) smallest dual
weak complementation on L. If (*1,Y!) and (%2,Y?) are weak dicomplementations on a
bounded lattice L, then we say that (*!,V!) is smaller than (*2,Y2 ) iff 2! is pointwise smaller
than 22 and V! is pointwise larger than V2. According to this definition, the trivial weak
dicomplementation is the largest weak dicomplementation on any bounded lattice.

As mentioned in Section 1, the basic example of a weakly dicomplemented lattice is the
canonical concept algebra associated to a context. A context is a triple (G, M, I), where G and
M are sets and I C G X M is a binary relation; the elements of G are called objects, and ele-
men/ts of M are called attributes. For every A C G and every B C M, we denote by:
{ 2, - Egm: g | | (\va"eer;)(;‘l’g’;?_}’. The operations / : P(G) — P(M)and ' : P(M) — P(G)
are called derivation of objects and of attributes, respectively. The concept algebra associated
to the context (G, M, I) is the weakly dicomplemented lattice (B(G, M, D), A,V,2,V,0,1),
where: (B(G,M,I) = {(A,B)|A C G,BC M,A’ =B,B' = A}, A, V) is a lattice whose order
<is defined by (A, B) < (C,D)iff A C C and B 2 D for any (A, B), (C, D) € B(G, M, I), with
first element 0 = (@"’, M) and last element 1 = (G, G’), endowed with the weak complementa-
tion defined by (4, B)® = (G \ A)”, (G \ A)) and the dual weak complementation defined by
(A,B)Y = (M \ BY,(M\ B)")forall (A, B) € B(G,M,I).

Whenever J is a join—dense subset and M is a meet—dense subset of a complete lat-
tice L, we have L = B(J,M, <), because the map ¢; ;,, : L — B(J,M, <), defined by
@ryu@) = Nl Mnx)) for all x € L, is a lattice isomorphism. In this case, L can
be endowed with the weak dicomplementation (*/,Y¥) defined by x*/ =\/(J\ (x];)
and x"™ = A(M \ [x);) for all x € L. Note that the subsets JU {0} and J\ {0} of
L are also join—dense, the subsets MU {1} and M\ {1} of L are also meet—dense,
A —AUVIODZAUNIOD | VM _VMUTID _VM\(ID) and, for every H € {J,J U {0},J \ {0}} and
every N € {M, MU {1}, M\ {1}}, @; j ;s = @1 - thus, furthermore, since this map is a
weakly dicomplemented lattice isomorphism, the canonical weakly dicomplemented lat-
tices B(J, M, <) and B(H, N, <) coincide. We say that a weak complementation A respec-
tively a dual weak complementation ¥ on L is representable iff * =2/ for some join—dense
subset J of L, respectively ¥ =™ for some meet—dense subset M of L; we say that a weak
dicomplementation (*,Y) on L is representable iff  and V are representable. Clearly, the
trivial weak dicomplementation on L is representable, since it equals (*£,%%). By [7, Theo-
rem 4.(ii)], all weak dicomplementations on a finite distributive lattice are representable;
it is not known whether this property still holds without distributivity, but it fails with-
out finiteness: by [16, Theorem 4], the Boolean complementation of a complete atomfree
Boolean algebra B is not a representable weak complementation or a representable dual
weak complementation on B; for instance, if T is an infinite set and F is the Boolean filter
of P(T) consisting of the cofinite subsets of 7, then P(T)/F is a complete Boolean algebra
with no join—irreducibles and thus no atoms [23, p.16].

In particular, if L is a complete dually algebraic lattice, then Sji(L) is
join—dense in L [8, Theorem 1.4.25], [10, Lemma 1.3.2], thus so is Ji(L), hence
L = B(Sji(L), L, <) = BJi(L),L,<), so that L can be endowed with the weak
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complementation 2™, as well as the weak complementation 250, Dually, if L

is an algebraic lattice, then Smi(L) is meet—dense in L, thus so is Mi(L), hence
L =~ B(L,Smi(L), <) = B(L,Mi(L), <), which can be endowed with the dual weak com-
plementations YMi() and VSmi(l),

If a lattice L is complete, algebraic and dually algebraic, then Sji(L) is join—dense in L
and Smi(L) is meet—dense in L, therefore L = B(Sji(L), Smi(L), <), that can be endowed
with the weak dicomplementation (231D VSmi(D)) " which, according to [7, p.236], is the
smallest weak dicomplementation on L. Consequently, L has nontrivial weak complemen-
tations iff 23 is nontrivial, and L has nontrivial dual weak complementations iff VS™® is
nontrivial.

In particular, if L is a finite lattice, then L = B(Ji(L), Mi(L), <) and the smallest weak
dicomplementation on L is (M@ YMi)) 5o that L has nontrivial weak complementa-
tions iff ‘™ is nontrivial, and L has nontrivial dual weak complementations iff VM) jg
nontrivial.

Now let L be a bounded lattice and J, M subsets of L. We consider the following
condition:

—sgA(L,J, M) :  @m,neM)J C (m], U(nl,)

Clearly, if \/ J exists in L, in particular if J is finite, then condition -sgA(L, J, M) implies:
Am,ne M)(\/J € (mV n],). Hence, if, furthermore, 1 ¢ M and \/J = 1, in particular if
J is join—dense in L, then =sgA(L, J, M) is equivalent to:

@Am,neM)m#nandJ C (m], U (nl)

If L is a complete algebraic and dually algebraic lattice, then, by the above, the smallest
weak dicomplementation on L is of the form (*/,Y™) for the join—dense subset J = Sji(L)
and the meet—dense subset M = Smi(L) of L, therefore:

e [ has nontrivial weak complementations iff (A4S VSmi(l) y jg not the single weak com-
plementation on L iff condition ~sgA(L, Sji(L), Smi(L)) is satisfied.

In particular, if L is a finite lattice, then:

e [ has nontrivial weak complementations iff condition ~sgA(L, Ji(L), Mi(L) \ {1})is sat-
isfied.

And, of course, dually for the dual weak complementations. All the following results on
weak complementations involving condition =sgA(L, J, M) can be dualized, using condi-
tion ~sgA(L?, M, J)in results on dual weak complementations.

Remark 3.1 1Tt is routine to prove that a lattice congruence of a bounded lattice L preserves
the trivial weak complementation " on L iff its 1—class is a singleton and, dually, it pre-
serves the trivial dual weak complementation VX on L iff its O—class is a singleton, there-
fore, with the notation for congruence lattices in Section 2:

e Conyycy (LAL) = Cony (L) U {L?} and Conpyycy (L,VE) = Cony(L) U {L?}, so Conyyp, (L,
AEVE) = Congy (L) U {L?};
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thus Conyyey ; (L) = Con, (L), Conpgyycpo(L) = Cony(L) and Conyypy o;(L) = Conyypy o(L) =
Conyypy ; (L) = Congy, (L).

4 Weak Dicomplementations on Glued Sums

Let L and M be nonsingleton bounded lattices and let us consider the glued sum L & M,
with LN M = {c}.

L1
(7
) )
0= 0L

Let (4,Y) be a weak dicomplementation on L & M. Since the lattice M is nonsingle-
ton and L @ M satisfies x V x® ~ 1, it follows that ¢® = 1 for all @ € L. We have 12 =0
and, clearly, A M1} is the restriction to M \ {1} of a weak complementation on M, that
we will denote by 22, so that # is trivial iff %2 is trivial, and L @ M has nontrivial weak
complementations iff M does. Dually, ¥ must be defined by: ¥ = 0forallb € M, 0V =1
and ¥ |1\ ;0;=""11\(0) for some dual weak complementation ' on L, so that ¥ is trivial iff
Vi is trivial, and L @ M has nontrivial dual weak complementations iff L does. Conse-
quently, L @& M has nontrivial weak dicomplementations iff M has nontrivial weak com-
plementations or L has nontrivial dual weak complementations. Thus:

Remark 4.1 For any bounded lattice A, A @ C, has no nontrivial weak complementations,
C, @ A has no nontrivial dual weak complementations and C, @ A @ C, has no nontrivial
weak dicomplementations.

Lemma 4.1 For any nonsingleton bounded lattices L and M: Conye (L@® M) =
{a@® B | a € Con(L),p € Conye (M)} U {(LD M)} = (Con(L) X Conyyey (M) @ C,.

Dually, Conpyycy (L & M) = {a @ f | @ € Conpyycy (L), f € Con(M)} U {(L & M)*} =
(Conpyyero(L) X Con(M)) @ C, , 50 Conyypy (LD M) = {a @ f | @ € Conyyeyo(L), f € Congyyey
(M)} U (L ® M)?} = (Conyyeyo(L) X Conpyyey 1 (M) @ Co.

Proof We use the notations above for the (dual) weak complementations.

Con(L®&M)={a®p|aeConl),p € Con(M)}. Let a € Con(L) and g € Con(M).
Of course, a @ f € Conyy (L & M) iff, for all x,y € L @ M, whenever x(a @ p)y, it fol-
lows that x2(a @ f)y*.
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If x,y € L, then A=1= yA, so the preservation of A is trivially satisfied by a @ f in
this case.

If x,y € M\ {1}, then x2(a @ p)y> iff x®2 fy*2, therefore, if the 1—class of f is a single-
ton, then a @ f preserves the » iff f§ preserves the 2.

Ifx=1and y € M\ {1} are such that x(a« @ )y, case in which the 1—class of § is not a
singleton, then x*(a @ B)y” iff 0 = 12(a @ p)y*2 € M, which is equivalent to @ = L? and
cfiy™, the latter of which holds when f preserves the 2.

If x=1and y € M, then x = 1(a @ f)y iff # = M? and cay, and, if « @ f preserves the
A then 0 = 1%(a @ f)y* = 1, hence a @ p = (L & M)?, thus we also have a = L2

If xeM\({l} and yeM are such that x(a @ f)y, so that xfc, then
x4 = x2(a @ f)y® = 1holds when f preserves the 2.

Since the glued sums of congruences of the forms above clearly preserve the 2, we have
the equivalence: a @ f preserves the # iff § preserves the 22 and, whenever the 1—class of
is not a singleton, we have a = L2

Remark 4.2 By Lemma 4.1 and the associativity of the glued sum, we obtain
that, for any bounded lattice K and any nonsingleton bounded lattices L and M:
Conyypy LA KDOM)={a® 0@ | a € Conyyyy(l),d € Con(K), f € Conpyycy (M)}
U{(L ® K & M)?} = (Cony,cy (L) X Con(K) X Congyyep (M) @ Cs.

5 Weak Dicomplementations on Atomic or Coatomic Lattices

Remark 5.1 Since WCL E xV x2 ~ 1 and DWCL E x AxY = 0, it follows that bounded
lattices with the 1 join—irreducible can only be endowed with the trivial weak complemen-
tation, while bounded lattices with the 0 meet—irreducible can only be endowed with the
trivial dual weak complementation, hence bounded lattices with the 0 meet—irreducible and
the 1 join—irreducible can only be endowed with the trivial weak dicomplementation.

In particular, any bounded chain can only be endowed with the trivial weak
dicomplementation.

Also, in the particular cases when 1 is strictly join—irreducible, respectively O is strictly
meet—irreducible, we obtain Remark 4.1.

Since weak complementations and dual weak complementations are order—reversing: a
weak complementation 2 on a coatomic bounded lattice L is nontrivial iff a® < 1 for some
a € CoAt(L), which implies that a® < b for some b € CoAt(L) \ {a} since L is coatomic
and a V a® = 1. And, of course, dually for dual weak complementations on atomic bounded
lattices and the atoms of such lattices.

If L is a bounded lattice and a,b € L\ {0,1} such that a # b, let us denote by
Aab . [ — [ the operation defined by: 12% =0, @®%’ =p, P2 =g and x** =1
for all x € L\ {1,a,b}. Since weak complementations are order—reversing, whenever
Aab js a weak complementation on L, a and b are coatoms of L, and, of course, since
a,b € L\ {0, 1}, we have 2% AL With this notation, we have the following.

Proposition 5.1

1. IfLis a coatomic bounded lattice with exactly two coatoms a and b, then 240 =2\ g

a representable nontrivial weak complementation on L.
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2. If Lis a bounded distributive lattice with at least two coatoms and a and b are distinct
coatoms of L, then *%? is a nontrivial weak complementation on L. Furthermore, if Ji(L)
is join—dense in L, in particular if L is finite, then A%b =Ai)uiab]

Dually for atoms and dual weak complementations.

Proof Let L be a bounded lattice.

(1) If L is coatomic and CoAt(L) = {a, b} with a # b, then clearly (a], U (b], = L\ {1}
is a join—dense subset of L and 24> =ALN1],

(i1) Now assume that L is distributive and CoAt(L) 2 {a, b} with a # b. Then the opera-
tion 2% reverses the lattice order of L and satisfies x24P240 < x and x v x40 = 1 for all
x € L, therefore it is a weak complementation on L since L is distributive.

Any x € Ji(L) satisfies x < a iff x £ b since aV b =1 > x (hence x is a V-primary ele-
ment w.r.t. 2¢? [15, Section 3.1]), from which it is routine to prove that %0 =AJDU{ab}

Remark 5.2 If L is a bounded lattice and a,b€ L\ {0,1} with a#b are
such that 4¢* is a weak complementation on L, then it is routine to prove that
Conyyqy (L,2%*) = Con,,, (L) U {8 € Con(L) | a/0 = {a,1}, (0,b) €0} U {6 € Con(L) |
b/0 = {b,1},(0,a) € 6} U {L?}.

Example 5.1 Clearly, there exist coatomic bounded lattices with nontrivial weak
complementations having any number of coatoms greater than 2, as well as atomic
bounded lattices with nontrivial dual weak complementations having any number of
atoms greater than 2, Boolean algebras being the simplest example. We can also con-
struct such lattices using direct products, since, for any nonsingleton weakly com-
plemented lattices (A,%) and (B,*), the product weak complementation AxAy op
A X B is nontrivial, and, of course, |CoAt(A X B)| = |CoAt(A)| + |CoAt(B)| and
Conyyey (A X B,A*A2 ) > Conyyey (A,21) X Conyyey (B,22 ). Dually in DWCL and thus simi-
larly in WDL.

Note, also, that, for any bounded lattice L, the single coatom of Conwm(L,AL ),
Conppyer (L, YE), respectively Conyypy (L,AF,VE) is max(Con, (L)), max(Cong(L)), respec-
tively max(Cony, (L)), thus these lattices are directly irreducible. Consequently, if
Conyycy (L), Conpyyyer (L), respectively Conyypy (L) is directly reducible, in particular if L
is directly reducible in WCL, DWCL, respectively WDL, then the weak complementation,
respectively the dual weak complementation, respectively the weak dicomplementation of
L is nontrivial.

On the other hand, there exist bounded lattices with no nontrivial weak complementa-
tions having any number k of coatoms other than 2, for instance M., as well as bounded
lattices with no nontrivial dual weak complementations having any number A of atoms
other than 2, for instance M ;, and bounded lattices with no nontrivial weak dicomplemen-
tations having any (equal or distinct) numbers x and A of atoms and coatoms, respectively,
other than 2, for instance M, @ M ;; see Section 4.

Remark 5.3 For any coatomic bounded lattice L, any J C L and any M C L\ {1} such that
CoAt(L) € M, condition ~sgA(L, J, M) is clearly equivalent to =sgA(L, J, CoAt(L)).

Example 5.2 Remark 5.3 provides us with an easy construction one can apply to coatomic
complete algebraic and dually algebraic lattices L having at least three distinct coatoms
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in order to transform them into bounded lattices without nontrivial weak complementa-
tions having the same number of coatoms: for at least three distinct coatoms a, b, c of L,
choose elements p, ¢, r of L such that p < a,q < b, r < ¢, and replace each of the intervals
[p,al;,lq,bl;, [, c], with its horizontal sum with a complete algebraic and dually algebraic
lattice having at least one strictly join irreducible other than its top element. The result-
ing bounded lattice M will have the same coatoms as L, it will be complete, algebraic and
dually algebraic, and it will clearly fail condition ~sgA(M, Sji(M), CoAt(M) = CoAt(L)).

In particular, the construction above applied to a finite lattice with at least three
coatoms, considering horizontal sums with finite lattices with join—irreducibles other than
their lattice bounds, in particular with finite chains of lengths at least three, produces finite
lattices with the same number of coatoms and without nontrivial weak complementations.

Here is the previous construction applied to C, @ C3, which, by Section 4, has nontrivial
weak complementations since C; does, with the intervals given by the filters generated by
each of its coatoms, turned into their horizontal sums with the three—element chain; the
resulting lattice L has no nontrivial weak complementation, since it clearly fails condition
—sgA(L, Ji(L), CoAt(L)):

Example 5.3 By [7, 15], the only weak complementations on the direct product of chains
C, X C, with the elements denoted as in the leftmost Hasse diagram below, are:

e the trivial weak complementation A%*C w.rt. which Conyygy (Cy X C5,20%C ) =
Cony(C, X C3) U{(C, X C3)*} = {=¢ 5, 75 (C, X C3)*} = C5, where y = eq({0,v}, {u,a}
{b}, {1}), thus Conyygy (C; X C3»ACZXCS )= {=Cz><(13v v} =Gy

e with the notation above, 24> =AC>CN " wrt. which Conyyey (Cy X C3,240) =
{=C2XC3’ a,p,y,(Cy X C3)2} ~C, @ 2, as in the middle diagram below, where
a =eq({0,u,v,a},{b,1}), p =eq({0,v,b},{u,a,1}) and y = an g is as above, thus
Conyyey (Cy X C3,27) = {=¢ uc,, v} = C;

e the direct product 4¢XAC  of the ftrivial weak complementations 4¢
and 2% on the chains C, and C; respectively, defined by 14G:XAG =0,
aAszAQ - MACZXAC3 - b, bACZXAQ =u and VAC2><AC3 — OA(12><AC3 — 1’ w.r.t. which
Conyycy (Cy X C3,84%A6 ) = Conyyey (C,2% ) X Conwml(cs’AC" ) = (Cony(C,) U {Ci})x
(Con,(C;) U {Cg}) = (C, ®C,y) X (C, ®C,y) = C,y X Cy, specifically Con(C, X C3) = {:szc3’
a,p,y.6, (C, X C3)2}, as in the rightmost diagram below, where 6 =eq({0,u},

{v,a},{b,1}); so Conygy(C, X C5,20%AC ) = Con,(C,) x Con,(C3) & C; X Cy 2 Cy3
notice that AC2XAC; =A{wyb} ZAJICXC;) ZAS(CXCy),
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(Cy x C3)? @&
2 X L3
a 3 y, g
g 0 g
:C2 xCs :CZ xC3

6 Weak Dicomplementations on Horizontal Sums

Throughout this section, L and M will be bounded lattices with |[L| > 2 and |[M| > 2 and we
will consider their horizontal sum L Fd M. Unless mentioned otherwise, (1,V1), (#2,V2)
and (4,V) will be arbitrary weak dicomplementations on L, M and L FJ M, respectively.

Ly l=17=1Y

0=0L=0oM

Of course, L and M are bounded sublattices of L F§ M, and L F§ M is complete, atomic,
respectively coatomic iff L and M are complete, atomic, respectively coatomic. Also,
JLEM) = (@) TiM) \ {1}, SiiEM) = Sii) USitm) \ (1), MICEM) =
(Mi(L) uMi(M)) \ {0} and Smi(L FHM) = (Smi(L) U Smi(M)) \ {0}, so LEHM is alge-
braic, respectively dually algebraic iff L and M are algebraic, respectively dually algebraic.

Lemma 6.1 For all x€ L\ {0,1} and all ye M\ {0,1}, we have x¥ <y <x® and
yV <x <y%, in particular x*,x¥ € M and y*,y" € L.

Proof We have: 0 #x=xAY)VXAY) =0V (xAY*) =xAy2, hence x < y*. Analo-
gously for x*, and dually for the dual weak complementation.

Recall from [18] that:

Cony (LEHM) = {aHF | « € Cony (L), B € Cony (M)} = Cony, (L) X Cony, (M);
Cony(LEHM) = Con(LEHM) = Cony (LEHM) C Con(LEHM) C Cony, (LEHM) U {eq
(LN\{O}, M\ {1}),eq(L\{1},M\{0}),(LEAM)*}, and: eq(L\{0},M\{1}) € Con(LEM)
iff 0 € Mi(L) and 1 € Ji(M), whileeq(L \ {1},M \ {0}) € Con(L H M) iff 1 € Ji(L) and
0 € Mi(M).

Remark 6.1 L € Sy, (L B M) iff 1 is the trivial weak complementation 2" and 2 |, =1,

Indeed, by Lemma 6.1, if L& Sy (LEHM), then, for any x € L, we have
xA =x2eMnL={0,1}, hence *' is trivial and # |,=*1. The converse is clear. Of
course, similarly for M.
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Hence: (L B M.,?) is the horizontal sum of the algebras (L,A1) and (M,*>) from WCL,
that is L, M € Syyey (L H M), iff 2, 41 and #: are trivial.

Dually for DWCL, thus similarly in WDL.

By the above, Conyypy (LB M,ABM VIBM Yy = Cony,ey (L BB M, A ) = Conpyycq (L
M, VEEM Y = Cong (LEBM) U ((LEM)*} = {eEH B | « € Cony, (L) = Conyypy (LA V)
\{L?} = Conyycypo(L,AF) = Congyyer (L, Y5), € Cong (M) = Conyypy (M,AM VM H)\ {M?}
= Conyyeyo(M.AM ) = Congyyey,(M.YM )} U {(L B M)} = (Cong, (L) X Cony, (M)) @ C,,
so the horizontal sum cancels congruences in WCL and DWCL, while keeping congru-
ences in WDL in place.

For example, since C2=CyMC; we have: Comyey (C2,2%) = Congyyey (C2Y4) =
Conyypy (C3,°G,¥64) = Congy (C) U (G} = (=, (G},

Lemma 6.2 If 1 is not strictly join—irreducible in L, then ® |, is the trivial weak comple-
mentation *™ on M. Dually for O and the dual weak complementation.

Proof Assume that 1 ¢ Sji(L), so that1 & Ji(L) or 1 € Ji(L) \ Sji(L); of course, in the latter
case, L has to be infinite. Lety € M \ {1}.

By Lemma 6.1, if 1 is join—reducible in L, so that 1 = a Vv b for some a,b € L\ {1},
then y* > a and y» > b, thus y* = 1, so that  |,,=2".

If 1 is join—irreducible, but not strictly join—irreducible in L, then 1 has no lower covers
in L. Then, if y* < 1, we would have y* # 1, so that there would exist some z € L such that
y2 <z < 1,thus y* # z € L\ {1}, contradicting Lemma 6.1. Hence & =M,

Proposition 6.1 L i M has nontrivial weak complementations iff 1 is strictly join—irreduc-
ible in each of the lattices L and M, case in which LEB M has only these two weak com-
plementations, both of which are representable: /B gnd SN the Jatter of which
is nontrivial and, in the particular case when L and M are complete and dually algebraic,
coincides to *SBM) Dyally for dual weak complementations.

Proof 1f 1 € Sji(L) N Sji(M), then LY M is a coatomic lattice with exactly two coatoms,
17t € L and 1™ € M, thus, by Proposition 5.1, (i), with the notation in Section 5, it has
the nontrivial weak complementation 41717 =ACHEM\ {1},

Now assume that LM has a nontrivial weak complementation ® and let
x € (LE M)\ {1} such that x* # 1. Then x # 0 and w.L.g. we may assume that x € L.
Then, by Lemma 6.2, 1 € Sji(M) and X2 =1"M the unique coatom of M. Hence, for all
y€L\ {1}, we have y=GAX)VHIAXPR)=GAX)VOAIT ™M) =@Ax)VO=yAx,
thus y < x. Therefore x = max(L \ {1}), so1 € Sji(L) and x = 17%, the unique coatom of L.
If (1752 = 17M and (17)2 = 1, then (171)22 =1 £ 17L, which contradicts the definition
of a weak complementation. We get a similar contradiction if we assume that (17%)2 =1
and (1) = 1L, Consequently, & =ACEM\(1]

Either by the property of weak complementations on complete dually algebraic lattices
at the end of Section 3 or directly from the definition of such a lattice, we get the last state-
ment in the enunciation.

Corollary 6.1 If K is a bounded lattice with |K| > 2, then K EH L FH M can only be endowed
with the trivial weak dicomplementation.
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Proposition 6.2 If LEH M has a nontrivial weak complementation, then, if we denote by
¢ =eqL\ {0}, M\ {1}) andy = eq(L\ {1},M \ {0}), we have:

1. if LEM={0,1"5,1"" 1} ~ c, or, equivalently, L={0,17"11} C; and
M={0,1"M 1} = C;, then 2B\ 5 the Boolean complementation and:
COHWCL(LEHM,A(LEEM)\{I} ) =A{=1mm> & ¥, (L EM)?} = C%;

2. if L=Cy and |M|>3, then: Conye (LEAMAMBNI) = (= MG =;)
| 6 € Cong, (17™],)} U {¢, (L EH M)*} = Cony, (17],)) & C5;

3. if IL|>3 and |M|>3, then: Conygcy (LEMAEN) = {(y®=;)H
(6®=¢,) |y € Cony((171;),6 € Cong, (1™M])} U {(L EH M)*} = (Cony, (1741;)x
Congy, (17M],)) & C,.

Dually in DWCL.

Proof Remark 6.1 gives us the congruences of the weakly complemented lattice
( L E M’ALEEM )

Since L [ M admits other weak complementations except ““8M by Proposition 6.1 we
have 1 € Sji(L) N Sji(M) and thus:

e ¢ € Con(LEHM)iff 0 € Ji(L), while w € Con(L HH M) iff 0 € Ji(M);

o L=(7"],®Cys0Con(l) = {y ®¢ |y € Con((17]}),¢ € Con(Cy)} = {y ® =¢,,7®
C v € Con((1*1):

o M=(1"]y ®C,, so, analogously, Con(M) = {5 @ =¢.6 ®C, | 6 € Con((17M],)}.

Let @ € Con(L [ M) \ {(L Bd M)?}, arbitrary, and let us consider the following conditions
on the lattice congruence 6:

AM)O) (Yxe@LEM)\ {175,171} (0171 = xAEM\T g1 -M)
MLY(©®) (VxeLEM\ {175 1M} @g1™ = ACEMTg]-L)

Since 6 # (LEAM)?, we have 6 = (@ NnL>) (@O NM?), with 6 nL* € Con(L)\ {L?)
and & N M?* € Con(M) \ {M?} since L and M are sublattices of LEAM and (0,1) & 6, so
that (0,1) ¢ #nL* and (0,1) & 6 " M>. Thus, for any x€ L\ {0,1} =L\ M and any
yeM\{0,1} =M\ L, (x,y) & a [H B, so that x/0 = x/(0 N L?) and y/8 = y/(6 N M?),
in particular, (1%, 1-M) ¢ 6 and hence:

0 € Conyycy (L B M, ANy i it satisfies conditions (LM)(0) and (ML)().

Now let @ € Con, (L) and f € Cony; (M), so that « FH f € Cony, (L EH M) C Con(L HM)
\{(LEM)?},(aBA) NI =aand(a [ f) N M2 = f,x/a C L\ {0, 1}foranyx € L\ {0, 1}
and y/f CM\{0,1} for any ye M\ {0,1}. In particular, 172/(a ) =17F/a C
L\ {0, 1}and 17 /(a B p) = 17" /p S M\ {0, 1}.

If there exists an x € 17L/(@@ A\ (171,17} =@, then 2B\ /(¢ p) =
/@B ={1}#1M/g=1"M/(«d @), so condition (LM)(aH p) fails. Clearly, if
17L/a = {171}, then condition (LM)(a [ f) is satisfied.

Similarly, condition (ML)(a FH g) is satisfied iff 1= /g = {17M}.

Therefore: a {3 f € Conyyey (L B3 M,ACEM\ULY) iff both conditions (LM)(a ) and
(ML)(a E p) are satisfied iff 17" /a = {I7F} and 17 /p = {1} iff « = y @ =, for some
y € Cony (171])and =6 &® =¢, for some 6 € Cony, ((171,,), by the above, hence:
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Conyyer o (LEMAEN) = ((y @ = ) B (6@ =¢,) | 7 € Cong, ((1711,), 8 € Cong, ((17],)}

= Cony, ((17£],) x Congy, (17],).

Whenever |L| > 3, so that there exists an element x € L\ {0,17%,1} c 17L/¢p = L\ {0},
we have xAEBYW\MI =1 ¢ 1-M /¢ hence condition (LM)(¢) fails. If L=C;, so that
L=1{0,1"%, 1} and thus 17%/¢p = {17£, 1}, then 12BN} =0 e 1-M /¢, so condition
(LM)(¢) is satisfied. Similarly, condition (ML)(y) is satisfied iff M = C;,

For every x € 1™ /¢p\ (1™} =M\ {171}, we have x2UB\} =1 e L\ {0} =
17X /¢, thus condition (ML)(¢) is satisfied. Similarly, condition (LM)(y) is satisfied.

Therefore: ¢ € Conyygy (L B M, AEBMNIYY iff conditions (LM)(¢p) and (ML)(¢) are sat-
isfied iff condition (LM)(¢) is satisfied iff L =~ C;.

Similarly: w € Conyye (LEHM ACEMUY Y iff conditions (LM)(y) and (ML)(y) are sat-
isfied iff condition (ML)(y) is satisfied iff M = C,.

Therefore we have the following cases. Note that, when L = C;, so that (171 . =2C,, we
have: Congy (L) = {=;} = C; & {=(-1,} = Cong, ((17"];) = Cony((17"];), and similarly
for M.

O If LAM={0,1"51M 1} ~ C%, then ¢,y € Conyyey (L B} M,ACEM\UY Y and
Cony (LEHM) = {=;7y,} =C,.

(i) If L={0,175,1} = C;, but [M| >3, then ¢ € Conyyey (L FHM,AEEMNIL) - but
w & Conyyey (L M’A(LEE!M)\[I} ).

(iii) If|L] > 3 and |M| > 3, then ¢,y & Conyyey (L F M,AEEMNIT Y,

Hence the forms of the congruence lattices in the enunciation.

Corollary 6.2 L HH M has nontrivial weak dicomplementations iff at least one of the follow-
ing conditions holds:

e | is strictly join—irreducible in both L and M;
e () is strictly meet—irreducible in both L and M.

The weak dicomplementations on LEAM are (%,Y), with 2 g {ALEM ACEM\{LL )
if 1€Sjil)nSjiM) and 2 =AEM  otherwise, and V e {VIEM VIEM\O}Y  jf
0 € Smi(L) N Smi(M) and V =VLHEM otherwise, all of which are representable.

e If LEAM = (5, which is equivalent to L=~ M =~(, and also to 175 =0*" and
1=M = (*M, then both ACEMN\{1} apd VEEMN\IO} equal the Boolean complementation,
so we have: Conyyp, (L B M,AEBMW\I VEBMMOL ) & €2, Conyyp (L B M,ALBM VLIBM )
= Conyyp (L Eg M, ACEMN{1} VLEM ) — Conyypy (L B M,ALBM JVAEMNO} Yy = {=L@m>
(LEAM)?} =,

o If LM £C; and 1 € Sji(L) N Sji(M), then: Conyyp, (L FH M AEEM\I) VIEM ) =
{(r ®@=c)EHG®=¢) |7 € Cony ((17"],),6 € Cong; (17],)} U ((L HM)*}
= (Cong, ((17£],) x Cony, (171,,)) & C,.

o If LEAM % C2 and 0 € Smi(L) N Smi(M). then: Conyypy (L B3 M, ALEM VEBMNO) ) =
{(=¢c, ® ) H(=¢, ®6) | ¥ € Congy,([0*"),), 5 € Cony, ([0"),)} U ((LEM)*} = (Con,
([O+L)L) x Cong, ([0+M)M) @ C,.

o LEM 22,1 € SjiL) N Sji(M) and 0 € Smi(L) N Smi(M), then:
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Conyypy (L B3 MAENI VEEMNOD) = (=, @ e @ =) B (=c, ®ES =¢,)
| € € Cong, ([0™,1751,), & € Cong, (0™, 177, )} U (LB M)*}
= (Cony, ([0%F, 175],) x Cony, ([0, 17],) & C,.

Example 6.1 Let us consider the five—element non—modular lattice j\f5 with the elements
denoted as in the following leftmost Hasse diagram and notice that Con(N3) = C, @ Ci
has the lattice structure represented in the second diagram below, in which the proper non-
trivial congruences are indicated by their nonsingleton classes:

N: ; /\/’52 2 2 2

8 SR U VPN (% N ok :
{0.b,c} {b,c,1} {a,1} {0,a}
Qa a, 9 y gy
b {b,c} {b,c} {0,b, ¢} {b,¢,1}

0 =Ns =Ns =Ns =Ns

By Proposition 6.1, N5=C;HC, has four weak dicomplementations: {&,Y)
| & g (AN AN} V g (VA5 VAS\(0) 4

By Remark 6.1, Conyyp (N5,2V5 VA5 ) = Conyyep (N5,2Y5 ) = Conpyyep V5,5 ) =
Cong (N5) U (N2} = {=¢, l=¢,.=c, B (=, ® C; ® =¢)} U (N3} = {=p;. =, H (=, ®
Ci @ =CZ),/\/§} = C;, represented in the third diagram above, since C, = Cony,(N5) =
{=n=c, B(=¢, ®C®=¢)} = {=..eq({0}. {a}. {b. c}, {1})} = Conyypy o (N5,25 V45
= Conyycy o (AfsaM@) = Congyycy o (A[S’VJVS) = COHW[D[LO(-/\[S?ANS N5y = Conwcmo(/\/s:ANS)
= Congyyer o(Ns,"5) = Conyypy (N5, ,Y45) = Conyyey  (N5,25) = Conpyyey (N5, 7%5).

By Proposition 6.2, Cony,c (N5,AV\1) = (= H=,eq{0,b,c}. {a, 1}). N3} =
{=N5, eq({0,b,c}, {a, 1}),./\/2} =~ C,;, represented in the fourth diagram above, so
Conyycy o (N, AV M) = Conyye o (NG, A5\ = Conygyeg (NG, A\ = {=p,} =C and
COH[DWCIL(-/\/&VA/S\{O}) = {263 E :C4’ eq({o’ a}7 {b’ c, 1 })7-/\/2} = {:j\fs’ eq({o’ a}7 {b’ c, 1 })7
./\/g} = (s, reprj%/ser(l)ted in the fifth d/i;lgr(a)lm above, SO ConDWULOl(./\/'S,VNS\(O) )=
ConpyycyoNs, "M ) = Conpyyey (N5, VAN ) = {=p,} =C,

Consequently:  Congypy (NVg,2Vs ,YV\OV) = Conyypy (N5, 25\ VAS ) = Conygypy (s,
AN} VMO = (= N ,./\/?} =~ C,, and, w.r.t. any of these nontrivial weak dicomplementa-
tions (4,V), Conyypy o (/\/5,A V)= COHWD[L()(/\@-,A V) = Conyypy (N’s,A V)= {=/\/5 }=C,

Similar calculations give us these congruence lattices for the general case of the hori-
zontal sum C, [ C, for any r, s € Nsuch that 7 > 3 and s > 4.

7 The Largest Numbers of Congruences of Finite Weakly
Complemented Lattices

In the rest of this paper we present an application for the small investigation above on (dual)

weak complementations that can be defined on bounded lattices with different structures and
the lattice congruences that preserve them, which consists of determining the several largest
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numbers of congruences of an n—element (dual) weakly complemented lattice and those of
an n—element weakly dicomplemented lattice, for n an arbitrary nonzero natural number.
We proceed by induction on 7, using the next lemma and some helpful results on lattices:
Lemma 7.2 and Theorem 7.1. To be able to use the next lemma in an inductive argument
along the lines of the ones from [3, 4, 19, 20] and obtain numbers of congruences which
are small enough to occur w.r.t. nontrivial weak complementations, we must first investigate
the atoms of the lattices of congruences of finite (dual) weakly complemented lattices that
collapse at most three elements with other elements, specifically to determine the shapes of
their nonsingleton congruence classes and the possible definitions of the weak complemen-
tation on the elements from these classes; we make this investigation in Lemma 7.3.

Lemma 7.1 [20] If A is a congruence—distributive algebra and a is an atom of the lattice of
congruences of A, then A has at most twice as many congruences as A/a.

Let A be a member of a variety V of lattice—ordered algebras. Then, for any S C A, we have
S C Cgu(S) C CgyA(S), hence Cgy 4(S) = Cgy 4(Cg4(S)). By the convexity of the congru-
ence classes of lattice congruences, any principal congruence of a lattice and thus any princi-
pal congruence of A is generated by a pair of elements a, b with a < b. Thus, clearly, if A is
finite, then any join—irreducible congruence of A and in particular any atom of the lattice of
congruences of A is generated by a pair of elements a, b € A witha < b.

Remark 7.1 Let (L,* ) be a weakly complemented lattice.

By the above, if L is finite and a € At(Conyyy (L)), then, for some a,b € L witha < b,
we have @ = Cgyycp (@, b) = Cgyyey 1(Cgrla, b)).

Let us also note that, for any a € L, no proper congruence 6 of (L,* ) can have a and a®
in the same class, because then we would have a/6 = a®/6 = (aVv a®)/6 = 1/6, hence
1/6=a*/0=1%/0 =0/6.

For any set M and any nonempty subset S C M, let us denote by €,,(S) the equivalence on
M having S as a class and all other classes singletons: £,,(S) = eq({S} U {{x} : x € M \ S}).
Clearly, for any nonempty family (S,),c; of parwise disjoint nonempty subsets of M, we have,
in the lattice Eq(M): \/ ey(S)=eq({S, cielju{{x} :xeM\ U S} = U €4, (S).
For brevity, if a,... ,lcezi €M for some k€ N*, then we denote htE)g/ eyla, IEI ,a;) =
eylay,....a ).

For statement (iii) of the following lemma, see [19, Lemma 3.3 and Remark 3.4].

Lemma 7.2 [3, 11, 13, 19] If L is a finite lattice and a,b € L are such that a < b:

(1) |L/Cgi(a,b)| = |L| - liffa € Mi(L) and b € Ji(L) iff Cg,(a,b) = ,(a, b);

(1)) |L/Cg.(a,b)| = |L| — 2 iff the following or its dual (by dual meaning the case when
b has a lower cover c such that in L9 the following hold for the interval [a A c, b];
instead of [a,bV cl;) holds: a & Mi(L) and, for some c€L, a<c,b<bVec,
c<bve,a,bvcel, ={a,b,c,bVc} = C% and Cg;(a,b) = €;(a,b)Ue;(c,bV 0);

(iii) |L/Cg;(a,b)| = |L| — 3 iff the following or its dual (with the dual of the following
being formulated as above) holds: a & Mi(L) so, for some ¢ € L\ {b}, we have a < c,
and we are in one of the following situations, depicted in the following diagrams:
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Db<bve,c<bve, [a,ch]L={a,b,c,ch}EC%anngL(a,b)=e,4([a,ch]L);
@c=<bvcand, forsomed€L,b<d=<bVc,[a,bVcl, ={a,b,c,d,bVc) =N
and Cg;(a,b) = €;(a,b,d)U e (c,bV c);

@b <bvcand, forsomed € L,c <d<bVc,[a,bVcl, ={ab,c,d,bVc} =N
and Cg,(a,b) = €,(a,b)U g (c,d, bV ¢),

@ b=<bVe, c<bVe, [abVvel, ={ab,c,bVct=C and, for some d,e € L\
{a,b,c,bV c}suchthatd < e, Cg;(a,b) =¢€;(a,b)Ue (c,bVc)Ug, (d,e).

@ bve @ bVe @ bVve @ bVve e
d d \
b c c b b c
b c d
a a a a

Recall from Section 3 that, for any bounded lattice L, AL 5 the trivial weak comple-
mentation on L, and from Remark 4.1 that 2" is the unique weak complementation on L if
1 € Sji(L), in particular if L is a chain.

Recall also from Section 5 that, if L is coatomic and has exactly two coatoms, then
AN} §s nontrivial; furthermore, by Lemma 4.1 and Proposition 6.1, for any bounded lat-
tices K, L, M such that|L|, |M| > 3:

e if 1 & Sji(L) N Sji(M), then K @ (L [ M) can only be endowed with the trivial weak
complementation AX®CEM);

«if 1 € Sji(L) N Sji(M), then the only nontrivial weak complementation on K @ (L FH M)
is AKSEEM))\{1}

Thus, for any bounded lattice K, AKSCO\(1} ig the only nontrivial weak complementation

on K @ Cz, which restricts to the Boolean complementation on C%, and A&SN\L) ig the
only nontrivial weak complementation on K é@ N.

Lemma 7.3 For any finite weakly complemented lattice (L,*) and any a,b € L such that
a < b, we have:

i |L/CgWCU_,L(a7 b =|Ll -1 iff ngq:n_,L(a, b)=Cg;(a,b) =¢€;(a,b) iff aeMil),
b € Ji(L) and either L = {a,b} = Cyora® = b* = 1;
ii. L/ Cgwer (a, b)| = |L| = 2 iff we are in one of the following cases:

@b=1and L ={0,a,1} = C;, in particular Cg;(a,b) = €,(a,b) C Cgwer (@, b);
@ Cgwer (a, b) = Cg;(a, b), Cg;(a,b) is as in Lemma 7.2, (ii), and one of the fol-
lowing holds:

a® = b* and, in the case when a < ¢ € L\ {b}, c® = (b V ¢)*, while, in the lat-
tice dual of this situation, ¢® = (a A ¢)?;

in the case when a < c € L\ {b}, L= {a,b,c,bVc} = C% and & =22\ and,
in the lattice dual of this situation, L = {a A c,c,a,b} = Cg and & =L,

iii. |L/Cgwey 1(a, b)| = |L| — 3iff we are in one of the following cases or their lattice duals:
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®a€Mi(L),b € Ji(L),Cg;(a,b) = g;(a,b)and|L/Cgycy 1 (a,b)| = |L/Cg;(a, b)| -2,
case in which L = C,, b = 1 and a is the coatom of L;

a<cforsomec e L\ {a}suchthatb<bVc,c<bVcandla,bVc], ={a,b,c,
bvcel Cg, Cgi(a,b)=¢;(a,b)Ug;(c,bV),and|L/Cgyycy 1 (a,b)| =|L/Cg;(a,b)| -1,
case in which we are in one of the following subcases:

a =0andbVve=1,s0L={ab,c,bVc)= C%, and * =2L, 50 Cgyyep L(a,b) =
L2.

0<a, bve=1 L={0,a,b,c,1} 2C, ®C;, » =2\ and Cgyyey ,(a,b) =
£,(0,a,b) U g;(c, 1);
(bV)® < c® < b® =d" in particular 2 has at least three distinct values and
thus it is nontrivial, Cgycy (a,b) =¢,(a,b)Ug;(c,bVc)U EL(CA, bV,
At =prA =g A2 =cand bV =b v
(V) =b® <a” =c? in particular bV ¢ # 1, so 2 has at least three distinct
values and thus itis nontrivial, Cgycy ;(a,b) = £,(a,b) U g, (c,b V c) U g (a®, b™),
a*® =2 =gand b2 = (b Vv o)A = b;
® Cgwerr(a,b) = Cgr(a,b) and Cg;(a, b) is as in case @ in Lemma 7.2, (iii), case
in which one of the following holds:
@aA =br=c2r =0V
@)L= {a,b,c,bVvcy=Cyand s =211
@ Cgwer (a,b) = Cg;(a,b) and Cg;(a, b) is as in case ® in Lemma 7.2, (iii), case
in which one of the following holds:
a® =b® =d®and c® = (b V ¢)*, in particular b V ¢ # [;
L ={a,b,c,d, bV c} = Nyand & =AM,

@ Cgwer (a, b) = Cg;(a, b) and Cg;(a, b) is as in case @ in Lemma 7.2, (iii), case
in which one of the following holds:

@ a® =b*and c® =d* = (bV c)®, in particular b V ¢ # [;

@L ={a,b,c,d, bV c} = Nsand & =2\
@ Cgwer r(a,b) = Cg;(a,b) and Cg;(a, b) is as in case @ in Lemma 7.2, (iii), case
in which one of the following holds:

@ a® =b*,c® =(bVc)andd® = e, in particular bV ¢ # land e # 1;

@ A is nontrivial and C; HC, = {c Ad,c,d,e,b V c, 1} is a sublattice of L;

a=0,e=1,C,xC;3=2{a,b,c,bVc,d,e}is a bounded sublattice of L, A =d

and d® = b;
d=0,bve=1 C,xC;s={d,e,a,b,c,bVc} is a bounded sublattice of L,
A =candc® =e.

Proof We will repeatedly use Remark 7.1.

(i)ByLemma7.2,(i),a € Mi(L)andb € Ji(L).Butb=(bAa)V (bAa*) =aV (b Aad>),
and a < b, hence b Aa® = b, so a® > b > a, thus, since a vV a® = 1, it follows that a® = 1,
and, since Cgyycy ;(a, b) only collapses a with b, either b* = a® = 1 or b* € {a, b}, case in
which Cgyyey 1 (a,b) = L2, thus|L| = IL/Cgwerp(a. D) +1=1+1=2,50 L= {a,b} =C,.

(ii) The fact that|L/ Cgyycy 1 (a, b)| = |L| — 2 implies that we are in one of the following cases:

@ a€Mi(l) and b €Ji(L), so that Cg,(a,b) =¢;(a,b) by Lemma 7.2, (i), and
[L/Cgwer (a. b)| = |L/Cg;(a,b)| — 1, in particular Cg,(a, b) & Cgycy 1(a, b);
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@ Cewerr(a, b) = Cg;(a, b), which is as in Lemma 7.2, (ii), and below we will con-
sider the case when a < ¢ € L\ {b}, with its dual being treated similarly.

We can not have a € Mi(L), b € Ji(L) and a® = b, because then Cgyc  (a,b) =
Cg;(a,b) = g;(a,b), thus |L/Cgyey ;(a,b)| = |L| — 1, which would contradict the current
hypothesis.

Hence, in the case @), where a € Mi(L) and b € Ji(L), so that Cg,(a,b) = €;(a, b), we
have a® # b%, thus also a®® # b4, since otherwise we would get a® = a®22 = pA22 = pA,
Of course, since (a,b) € Cgyey 1 (a,b), we also have (a®,b*), (a®*,b**) € Cgyyey L (a.b),
and, since in this case |L/Cgycy (a.b)| = |L/Cg,(a,b)| — 1, either at most one of the
elements a?,b*,a*,b** does not belong to {a,b} =a/Cg(a,b) =b/Cg(a,b) C
a/Cgwer (@, b) = b/Cgyey 1(a,b), so that a* or b* belongs to a/Cgycy(a,b) =
b/Cgyer i(a,b), or a®/Cgyey 1(a,b) = {a®, b*} = {a®*,b*2}; in either of these sub-
cases, we have x* € x/Cgyycy (a,b) for some x € L, hence Cgyycy ;(a,b) = L?, so that
IL/Cgwer (@, b)| =1, thus |L| = |L/Cgyyey 1 (a,b)| +2 = 3, therefore L = C5, so 2 is the
trivial weak complementation, thus, since a® # b® and a < b, it follows that b = 1 and a is
the single element of L \ {0, 1}.

In case @, since Cgyycy 1. (a, b) collapses no other elements but @ with b and ¢ with b v c¢:

either a® = b%and c® = (b V c)?,

or x2 €{a,b,c,bVc} for some x € {a,b,c,bVc}, but then, since xVvx® =1 and
bV c=max{a,b,c,bV c},itfollows that bV c = 1,thusc/Cgycy 1(a,b) = 1/Cgyey 1(a,b),
hence ¢®/Cgycy 1(a.b) = 0/Cgycy 1(a.b), but, since ¢ # 1 and thus ¢* # 0, we have
0,c® € {a,b,c,bV c}, hence a = 0 and ¢ = b since a = min{a, b, c,b V c}, therefore, by
Lemma 7.2, (i), L = [0,1], = [a,bV ¢], = {a,b,c,bV ¢} = C;and * =2\,

(iii) |L/ Cgwey (@, b)| = |L| — 3 iff one of the following holds:

®IL/Cg.(a,b)| = |L| — 1 and |L/Cgyey 1(ab)| = |[L/Cg;(a,b)| — 2, so that Cg;(a,b)
is as in Lemma 7.2, (i), and Cg; (a, b) & Cgwcy 1(a,D);

@®IL/Cgr(a,b)| = |L| -2 and |L/Cgyey (a, b)| = |L/Cg;(a,b)| — 1, so that Cg;(a, b)
is as in Lemma 7.2, (ii), and Cg; (a, b) & Cgwey (4, D);

© IL/Cgwerla,b)l =|L/Cg (a,b)| = |L| =3, so that Cgycy,(a b) = Cg(a,b),
which is as in Lemma 7.2, (iii).

@ In this subcase, by Lemma 7.2, (i), a € Mi(L), b € Ji(L) and Cg,(a,b) = €;(a, b),
and, since Cg; (a,b) G Cgycp 1(a,b), we have a® # b, thus also a®® # b44,

Since (a,b) € Cgyey (a,b), we also have (a*,b*), (@™, b**) € Cgyyep 1(a,b), thus
Cgwer (@, b) 2 Cg;(a,b) v Cg (a®,b) v Cg (a®,b*2) = g,(a,b) v Cg;(a®,b*) v Cg;
(@2, b’AA)_

o If the sets {a,b}, {a® b*} and {a®?,b™*} are pairwise disjoint, then 2 is
nontrivial, and the fact that |L/Cgwep (a,b)] =|L|—3 >3 ensures us that
Cewerr(a.b) = g,(a,b) U e (a®, b*) Ue (a™*,b**) C L%, hence b® < a®, a®* < b** and
either CgL(aA,bA) = sL(aA,bA) and CgL(aAA,bAA) = eL(aAA,bAA) or CgL(aA,bA) =
Cg, (@*®, b2 = g, (a®, b*) U g, (@®*,b**). Note also that a2 < a and b2 < b since
a®® < a, b2 <band{a, b} N {a®®, b2} = 0.

If Cg,(a®, b®) = Cg;(a™®,b*%) = g,(a®, b*) U g, (a™*, b*2), then, by Lemma 7.2, (ii),
{a®, b*, a®®, pA2 ) = Cg, so that 1=a%va®® € Max({a®,b?,a**, b)) C {a®, b22).
Since b2 < b, it follows that b*2 # 1, hence a® = 1 and, by Lemma 7.2, (i), a®* < b2
and b*2 <a® =1; but b** <b <1=4a", thus b =1=a", contradicting the fact that
{a,b}and {a®, b} are disjoint.

Hence Cg,(a®,b")=¢,(a®,b*) and Cg,(a®®,b**) = g,(a™®,b**), so that, by
Lemma 7.2, (i), b*,a** € Mi(L) and a®, b** € Ji(L). But a® = (@® Ab®) V (a® AD22) =
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b2V (a® Ab22), and, since bA <a® €Ji(L), it follows that a® =a® ADb22, thus
al < b2 > @22 hencel = a® v a?2 < b28, thus | = b22 < b, a contradiction.

o If {a,b} N {a®, b2} # @ or {a®, b} N {a®2, b2} # @, then Cgwer 1(a,b) = L2, thus
IL/Cgyycrr(a.b)| =1, hence |[L| = 1 +3 =4, s0 L= C; or L= C,, but L= Cj would con-
tradict the fact that a < b, @ € Mi(L) and b € Ji(L), thus L = C4, so ® =2L, and, since a < b
and a® # b”, it follows that b = 1 and « is the coatom of L.

o If {a,b} N {a®®, b2} # @, then, since a®® < b2, but also a2 < a and 22 < b,
it follows that b*4 = 4, so, by the fact that |L/Cgycy ;(a,b)| = |L| — 3, either, as above,
Cgwer(a,b)=L> L=Cyand b=1, or {a,b} n{a®, b} = {a®,b*} n {a®4, 022} = 0,
a®® < a = b*" and b* < a®; however, the latter implies b** < a, hence a® < b*, contra-
dicting p2 < a?.

® In this subcase, by Lemma 7.2, (ii), the following or its lattice dual holds: a < ¢ for
somec € L\ {b}suchthatb <bVc,c<bVcandCg,(a,b) =¢€,(a,b)Ue (c,bV ).

We can’t have a® = b* and ¢® = (bV ¢)*, because then we'd have Cgycp ,(a,b) =
Cg,(a,b), contradicting the above.

m If x* € x/Cgycy(a,b) for some x € {a,b,c,bV c}, then Cgycy ,(a,b) = L?, thus
L] = |L/Cgwepp(a.b)|+3=1+3=4,hence L = {a,b,c.,bVc}= C;, witha = 0 and
bV c = 1. The fact that x2 € x/CgWCLL(a, b) for some x € {a,b,c,bV c} implies that
A #Abe hence & =AL (so that ¢® = 1 € ¢/Cgyyer 1 (a, b)).

m Now let us assume that no x € {a, b,c,bV c}has x* € x/CgWCLL(a, b).

} If x* € {ab,c,bvc) for some x €& {a,b,c,bVvc}), then bVe=1, hence
0=0bveie cA/CgWCLL(a, b). If a =0, so that L = [0, 1], = {a,b,c,b V c}, then
A=b, so A<b, hence b*<c, thus b2 =c, so 2 =20<  but then
Cgwerr(a,b) = Cgy(a,b), contradicting the above. Hence a#0, thus
0¢&{ab,c,bVc}

«Ifc® € {a,b,c,bV e} \ ¢/Cgyey 1 (a,b) = {a,b}, thenc® < b, thus b* < ¢, and the
fact that ¢ /Cgycy (@, b) = 0/Cgywey (@, b) and |L/Cgyyey 1(a,b)| = |L| -3
ensures us that Cgyey 1(a,b) = €,(0,a,b) Ug (c,b V) =¢g,(0,a,b) Ug(c, 1),
so 0<a; then ¢®+#a, because otherwise c¢® <a, thus d® <c, so
ava® <c<1, a contradiction; thus ¢®=5b, hence b2 =c¢, because
b* <c would imply c® <b® <c, a contradiction. If there existed any
xe L\ {0,a,b,c,bVvc}=L\{0,a,b,c, 1}, then we can‘t have x > a, because
then x € CoAt(L) \ {b,c}, so that {a,b,c,x,1} = M5 is a sublattice of L,
which would contradict the fact that (b, c) & Cg; (a, b) since M3 is a simple lat-
tice. Thus there exists a y € At(L) \ {a} and CoAt(L) = {b, c}, therefore either
y < b, case in which we’d get the contradiction y € b/Cg,(a,b), or y < c, case
in which we’d get the contradiction y € ¢/Cg,(a,b). Therefore, in this case,
L=1{0,a,b,c,bVvc}={0,a,b,c,1} = C, ®Cyand* =2t<,

o If ¢ ¢ {a,b,c,bVc}, then the fact that |L/Cgycy  (a,b)| = |L| -3 implies
0<c® and Cewerr(a b) =£,(0, AMUegla,b)ug (b,bvc). Thus c*A e
0%/Cgwer 1(a.b) = 1/Cgyey 1(a.b) = {c, 1} and ¢ < ¢, so ¢** = c. Also, by
the same argument as above, the atom ¢® can not be comparable to either of
b and ¢, thus c®vb=1and ¢ > cAc? thus ¢ Ac® =0. But then L has the
bounded sublattice {0,c%,c,1} ={0,c%,¢c,bVc} = Cg, so that (0,c®)e
Cgi(c,bVvc)=Cgila,b)=¢€;(a,b)Ueg (c,bV c), and we have a contradiction.
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} The remaining subcase is x* & {a,b,c,bV c} for any x € {a,b,c,bV c}.
But (a,b),(c,bVc) € Cgrla,b) € Cgyey r(a,b), thus @®,b®),(c®, (bv ) e
Cgwerr(@b), and a® #b* or c®# (bve)®, thus Cgyep(a.b) =¢.(a,b)u
g.(c,bVv)U g (C), where:

o if (@®, c®) & Cgyyer 1 (a, b), then one of the sets {a®, b2} and {c?, (b V )} is a sin-
gleton and the other one is a two—element class C of Cgycyp (4 b);

% if a® # b2, then ¢® = (Ve and a®® £ b2, so a2, b2 belong to a
nonsingleton class of Cgyycy (@, b), which in the current subcase, since
a®® <a and b2 <b, can only be {a,b}, so a** =a<b=>b""; also,
b2 #a® = (b Ac)® =b% Vb, thus c® £ b2, a contradiction;
if a®=0b% then 2 £BVAY, so bP=at=0bAc)*=b2vc® and
B2 £ (bV)A8, thus (bV )2 < c® <b® =d?; but (d®,c®) ¢ Cgwerr(a, b),
so a® # B, thus (bVe)® <c® <b® =a® since here C={c? (bVc)P}
is a class of Cgyep (a,b), hence (bVvc)*t > 2% > A% =4 and
att = b2 A2 (bvo)rt efab,c,bvc) = Cg, thus, since ¢®? < ¢, we have
att =p*2 =g, =cand(bVvc)*® =bvg

o if (a®, c®) € Cgyyer (@, b), then C = {a®, b2, c*, (b V ¢)*} is a two—eclement class
of Cgwey 1(a, b), thus (b Vv ) <a® =(bAc)® =b” VA asin subcase * above,
we can not have a® # b® and ¢® = (b V ¢)?, thus: a® = b2 iff c® = (b V 0)*;

- if @® = ¢, then, by the above, b* £a® =c® #(bV)®, so b2 = V) <
a® =c® since b2 <d® and {a®, b%, A, (bVc)®} is a two—element
class of Cgyep(a,b), hence a*® =c** < b =(bv ), but, since
(a,b) € Cgyyep 1(a,b), a** and b** must belong to a nonsingleton class
of Cgwecpr(a,b), that in the current subcase can only be {a,b}, thus
aft =P =a<b=b* =(bV)rY

“if a® # c®, then, by the above, a® = b* and c® = (b V c)®, which implies
Cgila,b) =g;(a,b)U e (c,bV c) = Cgyey 1(a, b), a contradiction.

@ In this subcase, we treat separately the subcases of Lemma 7.2, (iii), using the
notations from this lemma.
® If Cg;(a,b) is as in case D in Lemma 7.2, (iii), then {a,b,c,b V ¢} is the only
nonsingleton class of Cgycy ;(a,b), so we have either a® = b* = c® = (b Vv ¢)® or
x® € {a,b,c,bV ¢} for some x € {a,b,c,bV c}, which implies Cgyyey ;(a,b) = L?,
so that |L/Cgwcyp(a.b)l =1, thus |L|=|L/Cgyey(a,b)|+3 =4, hence
L={ab,c,bVc}=C.
@ If Cg;(a,b) is as in case @ in Lemma 7.2, (iii), then {a,b,d} and {c,bV c}
are the only nonsingleton classes of Cgygy;(a.b), hence either a* = b* = d*
and c® = (V) or x2 €{a,b,c,d,bVc} for some x € {a,b,c,d,bV ¢}, so that
l=xvx*elab,c,dbvcl,thusbve=1,s0 c/Cewer (@ b) = 1/Cgywey 1(a, b),
hence ¢*/Cgyycy 1(a.b) = 0/Cgycp(a.b) and ¢® #0 since ¢ # 1, therefore
0,c* e {a,b,c,d,bvc), thus a=0, hence L =[O0, 1], =la,bvcl, ={a,b,c,
d,bV c} = Nsand 2 is the only nontrivial weak complementation on A5, namely 2¢<
here.

Analogously for the situation when Cg; (a, b) is as in case @ in Lemma 7.2, (iii).
@ If Cg;(a,b) is as in case @ in Lemma 7.2, (iii), so Cgwer(a,b) = Cg;(a,b) =
e (a,b)Ue (c,bVe)Ug (d e)#L? hence x* & x/Cgyep (a,b) for any x € L;
then we are in one of the following subcases:
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mx® ¢ {a,b,c,bVec,d, e} for any x € {a,b,c,bV c,d, e}; then, since Cgyycy 4 (a, b) col-
lapses only a with b, ¢ with bV c and d with e, it follows that a® = b*, c® = (b V ¢)*
and d® = €2,

m x* € {a,b,c,bVc,d e} for some x € {a,b,c,bV c,d,e} and one of the following
holds: a® # b2, c® # (b V) or d® # ¢%; then, since xVx® =1 and Max{a,b,c,
bVve,d,e} C{bVc,e}l,wehavebVcVe = 1;also, {a®, b*,c®, (bVv ), db et} & {1},
thus, since # is order—reversing, we have (b V ¢)® < 1 or e® < 1, in particular # is non-
trivial since bV ¢ > a > 0 and e > d > 0; hence we are in one of the following subcases:

ebVc#1land e#1; then 1 ¢ {a,b,c,bV c,d,e}, so 1/ngu_’,‘(a,b) = {1}, thus
(cvad)/Cewer(a,b)=(bVcVe)/Coyep(a,b)=1/Cgycy(a.b)={1},s0cvd=],
thus clld since c<bVvc<1>e>d, hence cAnd & {a,b,c,bV c,d, e}, so (cAd)/
Cgwer (@, b) = {c Ad}, thus (bV c) Ae)/Cgyweyr(a,b) = (c Ad)/Cgyey 1(a.b) =
{cAd}, hence (bV c) Ae=cAd,therefore {c Ad,c,d,e,bV c,1}is asublattice of L
isomorphic to the hexagon: C, FH C,;

ebVvce<l=e>d, thus d® #0 and (d*,0) = (d,e?) € Cgwer 1(a. b) = g1 (a, b)U
g (c,bVc)Ueg(d,e), hence a=0 and d® =b < bVc, hence b <d > (bVc)%;
but b* € a®/Cgyey (@, b) = 1/Cgyey (a,b) = e/Cgyey 1(a,b) = {d,e}, hence
b2 =d, while bvec<1and (bve)® =d<1imply bVvc|ld, so bVe> (bV oA
de((bVve)AD)/Cewerp(a.b)=(bV)/Ceyep(a.b)={c,bVc}, thus(bVe)Ad=c,
hence {0,b,c,b Vv c,d, 1} ={a,b,c,bVc,d,e} =C, XCs;

e c<bvec=1>e, thus ¢2#0 and (2,0 =(2 bV e Cewerp(a,b) =
g(a,b)Ue(c,bVvc)Ueg (d e); Min({a,b,c,bV c,d,e}) C {a,d}, but we can’t have
a = 0, because then we would get the contradiction d,e & L = [0,1], = [a,bV c], =
{a,b,c,bV c}, thus d = 0, hence ¢® = e; thus e® < c and e* € a®/Cgyyey 1 (a,b) =
0%/Cgwerr(a.b) = 1/Cgyep 1(a,b) = {c,b Vv ¢}, thuse® = c;also,e £ asincea < ¢
and cve=cvct=1 and ave€ (@Vv0)/Ceyc(a.b)=a/Ceyc (a.b)=
{a,b},thusa Ve = b, hence{0,¢e,a,b,c,1} = {d,e,a,b,c,bV c} = C, XCs.

Theorem 7.1 [3,5, 19] If n € N* and L is a lattice with |L| = n, then:

|Con(L)| < 2"~

|Con(L)| = 2" iff Con(L) = C; " iff L= C,;

if |Con(L)| < 2"\, then|Con(L)| < 2"2%

|Con(L)| = 2" iff n > 4 and Con(L) = Cx > iff n>4 and L= C,__, & C3 ® C; for
some k € [1,n—3];

if |Con(L)| < 22, then |Con(L)| < 5 - 2"5;

ICon(L)| =5-2" iff n>5 and Con(L)=Cy>X(C,®Cy) iff n>5 and
L=C, i3 ®N; ®C, for somek € [1,n—4];

if |Con(L)| <5 - 2", then |Con(L)| < 2"3;

|Con(L)| = 2" iff n > 6 and Con(L) = C;'_3 iffn>6and L=C,_;,_, ® (C, XC3) ®C,
for some ke[l,n—5] or n>7 and L=C,_,_,_,&® C% dC, & C; & C, for some
r,s € N*withr+s<n-5;

if |Con(L)| < 2"73, then |Con(L)| < 7 - 2"°6;

|Con(L)| =7 2" iff n > 6 and Con(L) = Cy® X (C; ® C3) iff n > 6 and, for some
kell,n—75] either L=C, ;, 4® (C;HC)DCrorL=C,_,_,®C,HC,) & C,
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Theorem 7.2 For any n € N*, any lattice L with |L| = n and any weak complementation ®
on L, we have:

1. |Conyyep (LA)] €272+ 1,

2. |Conyyey (LA)] =2"2 + Liff Conyye (LA) 2 Ci > @ Cyiffn > 2and L= C,;

3. |Conyyey (L) =2"2iffn = 4 and Conyyey (L2 ) = Co iff L = C; and —a(1)
the Boolean complementatlon

4. if |ConWC[L(L )| < 272, then |Conyycy (LA )| <2340

5. |Conyyey (LA)] =273 + | iff Conye (LA)=Ci’@®C, iff n>=5 and
L=C,_,_ 269C269Ck for some k € [2,n - 3];

6. |Conyey (LA)=3-2" iff n=5 and Conyc (L2)=Cy or n=6 and
Conyycy (L2) = Cy X Cyiff L = N5or L = Cy X Cyand ® =ACXAC s the direct product
of the trivial weak complementations on the chains C; and Cs;

7. 0f LENS, (LA) #ya C2%) X (C5,2%) and |Conyyey (LA)| < 2"73, then
|Conyyey (L) <5270 + 1

8. |Conyey (L,2)] =5+ 2"0 + 1iff Conyyey (L2 ) = (Cg_6 x(C, ® Cﬁ)) @Ciffn>6
and L=C,_;_5 €B/\/5 @ C, for some k € [2,n — 4],

9. ICOHWQ(L )| =5:2"C iff n=6 and either Conyg (L2)=C,®Cs or
Conyyey (LA) C2 @ C, iff one of the following holds:

o L=C,xCyand® =2\, case in which Conyyey (L,2) = C, ® C%;
e L=2C;HCs or 2LEC4EE|C4 and ® =2l is trivial, case in which
Conyyep (L2) = C5 @ Cy;

10. if |Conyyey (L2)] < 5 - 2775, then |Conyyey (L2)] < 274 4+ 1;
11. [Conyycy (L,2)] =2"* + 1 iff n > 5 and Conyycy (L2 ) = C§_4 @ C, iff one of the
following holds:

en>5 L=2C,_,_.s®C.HC,) for some r,seN\{0,1,2} such that
r+s<n+2and ifr+s>6(thatisif L% C,_; €BC§), then ® =AL is trivial;

e n>T7andL=C,_,_, ®(CyxC5)®Cfor somek € [2,n—5];

e n>8andL=C,_ , , ,® Cg dC, D C; @ C, for some r,s € N* such that s > 1
andr+s<n->5.

Dually for congruences of dual weakly complemented lattices.
Proof For any bounded lattice L, any weak complementation 4 on L and any
a € Conyyey (L,2), we will denote by (L/a,29) = (L,2)/a. Of course, the trivial weak
complementation of the quotient L/a is A/ =AU,

For every n E N* C, can only be endowed with the trivial weak complementation
and ConWC[L(C ) = Con,(C,) U {Cz} thus Conyyey (C1,2¢1) = C; and, if n > 2, then
Conyycy (C,,2% ) = Con(C,_)) EBC2 = C” 2@ C,, hence |Conwm(Cl, A =1<271+1
and, if n > 2, then |Conyygy (C,,2 )| = 22 + L

Also, C ® C, has the 1 J01n—1rredu01ble thus it can only be endowed with the trivial
weak complementatlon and ConWC[L(C @ C,,AG8% ) = Con, CDCHU{C ®Cy)*) =
C2 ® C,, 50|Conyyey (C2 @ C,, 2400 )| = 72 + 1.

By the above My =CHCHC =2C EEIC can only be endowed with 2™, and
Conyyey (M3,2M5) = Con  (M3) U (M3} = C, @ C, = C,, 50|Conyyey (M3,2M)] = 21

In what follows, as above, we will use the remarks in Section 4 and Proposition 6.1
to determine the weak complementations on the following lattices and Lemma 4.1 and

AC,
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Proposition 6.2 to determine the congruences of the weakly complemented lattices formed
with those weak complementations. The cases not covered by these results need to be veri-
fied directly.

Conyyep (C224) = Con (CH U {(CP) 2 C, @ C, =Cy, 50 |Conyyey (C225)] = 2! =
204+ 1, while 2Con\,\vn:[L(Cg,AC%\“} ) Ci since (Cg,ACg\U) ) is a Boolean algebra, so
|Conyyey (C3,A\1)| =22

Conyyey (C, @ C2,2%8C) = Con, (C, ® C2 U{(C, ® C2)2) = C, ® C, 2 Cs, 50 |Conyyey (OB
22080 = 21 1, while Conyygy (C, @ C2,2G8\ 1)) = (Con(C,) X Conyyey ; (C2,AG\ 1))
BC, = (C, XCBC, = C, BC, = Cy, 50|Conyyey (C, @ C2AGEENI )| =21 41,

Recall from Example 6.1 that Conyycy (Ns,2Ys5) = Conyyep (N5,2V5\1 ) > €y, thus
|Conyyey (N5, 2Y5)] = [Conyyeyg (N5, AN\ = 3, and note that Conyyey (C; B Cs,2GES ) =
Conyyey (C3 B Cs,AGBONITY = 2 @ €, = Conyyey (C4 B Cy,A%E ) = Conyyey (C4 EH Gy,
AGHECN), thus |Conyyey (C3 B Cs,248% )| = [Conyyey (C3 H Cs, A GEOM | = |Conyyey
(Cy F G, AGEC )| = |Conyyey (Cy FH €, AGEENT )| = 5,

See the weak complementations on C, X C; and their corresponding congruence lattices
in Example 5.3.

By Theorem 7.1 and some more quick verifications:

» the six—element lattices with at least 2> + 1 = 5 lattice congruences are Cq, C, X C;,
CHCCdCDC,CDCs, Ns@®Cyand C, ® N5, C3 HCs and C, HCys

 the seven—eclement lattices with at least 2° +1 =9 lattice congruences are C,,
CXC)®Co, B (CXCy), CCBCy GO DC, OB, COC, C O,
No®Cy, CONBC, C3ONs, (CGHC)BC C®(CHCs), (C,HC)SC,
C,®(C,HC,),C5HCsand C, HCs;

« the eight—element lattices with at least 2* + 1 = 17 lattice congruences are Cq. C, X Cy,
CoXC)BCy, C B (CXC)BCy, G (C, X C3), CABCs, G, ®CA®C, B CE D,
CBCDC,CsDCLCBCDC, CBC,DCL OG0, Ns®C, CON;DC,
GON;®C, CONs, GON: N;@C CGHCISC, GO CHC)SC,
C;®(C;ECs), CECYDC, COC,HC)DC, C@(CHEC), (CEC) S0,
C,®(CsHCy), (C,HC;) ®C,,C, ®&(C,HCs), CsHC,, C, HCg and C5 HHCs;

and, with calculations similar to the above, one can easily check that all these lattices
satisfy the statements in the enunciation. Note that, out of all the weakly complemented
lattices (L,%) above, the only one that has exactly 2/%~2 congruences is (C%,AC%W) ), the
only ones that have exactly 3 - 2/= congruences are A5 endowed with any of its weak
complementations and C, X C; endowed with the direct product 22*AC and the only ones
that have exactly 5 - 214176 congruences are C, x C; endowed with the weak complementa-
tion A\ (which has the congruence lattice isomorphic to C, @ C2 by Example 5.3)
and C; HCs and C, FH C, endowed with their trivial weak complementations (having the
congruence lattices isomorphic to Ci ®C,).

Now let n € N such that n > 9 and assume that the statements in the enunciation hold
for any lattice whose cardinality is at most n — 1.

Let (L2) be a weakly complemented lattice with |L|=n and
a € At(Conyyey (L,2)) € Conyyep (L,2)\ {=,}, so that |[L/a| <n—1 and, according to
Remark 7.1, @ = Cgyycy 1(a,b) for some a,b € L witha < b.

(i) By the induction hypothesis, |Conyy(L/@,21)] <23 +1 and thus
|Conyyey (L,2)] < 2772 + 2 according to Lemma 7.1.

Assume by absurdum that |Conyyc; (L)| = 2"7% + 2. Then, by Lemma 7.1, it follows that
|Conyycy (L/a,21%1)| > 2773 + 1, hence |Conyyy (L/a,21%1)| = 2773 + 1and thus L/a = C,_,
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by the induction hypothesis, in particular |[L/a| = n — 1 = |L| — 1, thus, by Lemma 7.3, (i),
a € Mi(L), b € Ji(L), a® = b* and « = Cg,(a,b) = £, (a, b).

Since L/a is a chain, it follows that, for any x,y € L\ {a, b}, x/a = {x} is comparable
to y/a = {y}and to a/a = b/a = {a, b}, hence x is comparable to y and to at least one of
a and b. Assume by absurdum that xlla or xllb. W.l.g. we may assume that xlla. Then, by
the above, x < b, x >aAx<aanda<aVx<b,thusaVx=>b, hence {aAx,a,x,b}is
a sublattice of L isomorphic to C%, therefore (a A x, x) € a, which contradicts the fact that «
only collapses a with b. Hence x is comparable to each of a and b.

Therefore ~ L=~C,  thus 2 =L and  Conycy (L) = Conyycy (LAL) =
Congyycy (C,, 20 ) = Cg_z @ C,, thus |Cony,cy (L,AL)| = 272 + 1, contradicting the above.

Hence |Conyycp (L,2)] <2772 + 1.

In what follows, one can reason as above on the lattice structure of L based on that of
L/« and the form of a; we will skip such details in the rest of this proof.

(ii) Assume that |Cony (L,2)| =2"2+1. By Theorem 7.1, if L were not a
chain, then |Con(L)| <2""2 < |Congyycy (L,2 )|, which would contradict the fact that
Conyyey (L,2) C Con(L).

Hence, by the proof of (i), |Conyycy (L2 )| = 2772 + 1exactly when L = C,.

(iii) Assume by absurdum that |Conyyey (L, )] = 2"2 < 2"2 + 1, so that L ¢ C, by
(i), thus |Con(L)| < 2"% by Theorem 7.1, hence Con(L) = Conyycy (L,*), in particular
|Con(L)| = |Conyyey (L2 )| = 2"72, therefore, again by Theorem 7.1, L = C,_,_, @ C; @ C,
for some k € [1,n — 3].

If A =AL then Conygy (L) = Conycy (LAY) = Cony(L) U {L*} # Con(L), which
contradicts the above. Hence & #2, thus k=1, s0 L=C, 5 ® C%, and & =2C,@0\ (1),
Then, since n>9>4 and thus C,; is nonsingleton, Conycy (LA)=
Conyyey (L,AG=BENI ) = (Con(C,_3) X Conyyey (AN @ C, = (14X C) @ C, =
Cr* @ Cy, 50 [Conyyey (LA)] = 2"* + 1 # 2" and we have another contradiction.

Therefore |Conyyey (L2 )| # 2772

(iv) Assume that |Conyyey (L,2)] < 2772 + 1, so that |Conyycy (L,2 )| < 272 by (iii) and
L # C, by (ii).

Assume by absurdum that |Conyyey (L,2)] > 27342, so that, by Lemma 7.1,
|Conyyey (L/a,219)| > 2% + 1 > 4 = 242 since n > 9, thus, by the induction hypothesis,
we are in one of the following cases:

m |Cony,p (L/@,2%)] = 2773 + 1, but then, as in (i), we would obtain that L = C,, con-
tradicting the above;

[ |C0nWC[L(L/a,A["] )| = 2"* + 1, hence we are in one of the following subcases:

e |L/a| =n—1, so that a is as in Lemma 7.3, (i), and L/a = C,_;_; ® Cg ® C, for
some ke€[2,n—4], hence L=C,_,_, ® C% @C, or L=C,; ;& Cg ®Cyyy or
L=C, ;3 ®N;®C, so AL is the only weak complementation on L and, in the
first two of these cases, Conyycy (L,AF) = Cg_3 @ C,, thus |Conyyey (L,AL)| = 2773 + 1,
while, in the latter case, Conyycy(LAL) 2 Con(C,py 3 ®Ns®Ciy) BC, =
(€7 % (C, ® C2)) @ C,, thus |Congyey (LAL)| = 5270 + 1

e |L/al =n—2>4and L/a = C,_,, so that a is as in Lemma 7.3, (ii), case (), thus
L~C,_; @Cg @®C, for some ke[l,n—3] and 2 =L thus, as above,
|Conyyey (LAN)| =273 + 1 if k> 2, while, if k=1, so that L= C,_; @& C;, then
Conyyey (LA 2 (C* X C)) @ C, = C* @ Cy, so that |Conyyey (LAF)] = 2" + 1.

Every case above contradicts the assumption that |Conyycy (L, )| = 2”73 + 2; hence
|Conyyey (L,A)] <277 + 1.

(v) Assume that |[Conyyey (L,2)] =273 + 1, so that |Cony,y (L/a,2%)] > 2% +1/2
by Lemma 7.1, thus |Conycy (L/a,21®1)| > 2"* + 1 and hence, by the proof of (iv),
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L=C,_,,® C; @®C, for some ke[l,n—3] or L=C, ;, ;®N;®C, for some
k € [2,n — 4], out of which only the first form for k > 2, with its unique weak complemen-
tation 4%, has exactly 2"~ + 1 congruences.

(vi),(vii) Assume that |Cony,cy (L2 )| < 2"73, so that, by (i)~(v), L is not isomorphic to
either of the lattices C,and C,_;_, @ C% @ C, forany k € [2,n —4].

Assume by absurdum that |Cony,e; (L2 )] > 5 - 2776 + 2, so that |Conyy,cy (L/a,21%1)] >
5-2"7 + 1 by Lemma 7.1, so that, by the induction hypothesis, we are in one of the fol-
lowing cases:

m |Conyyqy (L/a,21%1)| = 2773 4+ 1; but then, as in (i), it would follow that L = C,, con-
tradicting the above;

® |Conyyey (L/a,A)| = 2"=* + 1; but then, as in (iv), it would follow that L = C,_;_,®
Ci @ C, forsomek € [1,n—3]or L =C,_,_3 & N5 & C, for some k € [2,n — 4], hence, by
the cases eliminated at the beginning of this proof of (vi),(vii), either L = C,_; @& Cg, which
can be endowed with % and with A\ or L >~ C,_, 5 & N5 @ C, for some k € [2,n — 4],
which can only be endowed with 2, and neither of these weakly complemented lattices has
5-2"% 4+ 2 or more congruences; indeed:

Conyycy (€3 @ C3,2038%) = Conyyy (C,3 ® G, ACH@ON ) = (Con(C,_3) X €)@
C,=Ct@C,, hence |Conyyer (€3 ® C2,24-8C )| = |Conyyey (C,_s ® C2,AC-BN 1})l =
24 4 1

Conyyey (Cyps B Ns @ Cp,2r3®M58C ) = Con(C,_3 B N; ®Cy) ®C, = (Cy 0
(C, ® C2)) ® C,, thus |Conyycy (Cy3 ® N5 D C,, NI N=5-2""0+1;

m |Conyyey (L/a,2%)| = 5277 + 1; then, by the induction hypothesis, it follows that
|IL/a| =n—1land L/a = C,_,_, & N5 & C, for some k € [2,n — 5], so that, by Lemma 7.3,
A, L2C s ®N; ®Cpyor L=Cpy s ®N;BCror L=C, i, ®(C;HCs) B C or
L=C,_ _,®(C,HC) @ C,, each of which can only be endowed with the trivial weak
complementation A%, w.r.t. which neither has 5 - 2"~ + 2 or more congruences; indeed:

ConWC[L(C,, s BN D Cpy 20— ®N5BCit ) = Conyy ey (C_p_z B Ns @ C, A0 BNs8C,
= (COX(C,®C) DCy, thus |Conyyey (Coyeg ® N5 @ Cpyy,LCm1-4@NsBCir )| =
|ConWC[L(Cn i ea/\/s @ C, A0 ®NsBC )| = 5. 2n6 4 |

it is easy to check that Con(C; HHCs) = Con(C, FHC,) = C; (23} C; [19], so that:
Conyyey (C_y—g ® (C3 H Cs) ® C;,20s®GBD®G) = Conyyey (C, iy @ (C4 H CHD
C; A CESC ) = (07T X (C, B C3) D Cy. thus  [Conyyey (C,y 4 ® (C3 HHC5) @
Cp, 204 ®CGECIBC) | = |Conyyey (Cpi_y ® (Cy FHCy) @ Cp A1 @CBCIBCH | = 7 . 2n=T 4 ],

Therefore |Conyyey (L2 )] < 5-2770 + 1.

(viii) Assume that |Conycy (LA)|=5-2"%+1, so that |Conyey (L/a,2%1)] >
5274+ 1/2 by Lemma 7.1, and thus |Conyc, (L/a,2%1)| > 5277 + 1, hence, as in the
proof of (vii), it follows that L = C,_,_; & N5 @ C, for some k € [2,n —4].

(ix),(x) Assume that |Conyygy (L2)] <5-2"® and assume by absurdum that
|Conyyey (L,2)] > 2"7* + 2, so that |Conyyey (L/a,21?1)] > 2"73 4+ 1 by Lemma 7.1.

Then, by the proof of (viii), we can not have |Conyey (L/a,A)| €
{23 +1,2"* +1,5-2"7 4 1}, hence, by the induction hypothesis, it follows that
|Conyyey (L/a,29)] = 2775 + 1,

Let us note that, in the case when |Conyc; (L/a,2%)| = 2"~* + 1, one of the possible
structuresof LisL = C,,_; @ C%, endowed with any of its two weak complementations, which
is the only situation where we have |Conyycy (L/a,21%)| € {2773 + 1,274+ 1,527 + 1}
and |Conyyc (L,2)] = 2" + 1.

Now we consider the case |Cony,cy (L/a,2%1)| = 2775 + 1, in which, by the induction
hypothesis, we can be in one of these situations:
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m |L/a| =n—1, so that, by the induction hypothesis, Lemma 7.3, (i), the fact that,
for any bounded lattice L, if b =1 > a € L, so that a®* = 1 and b*L = 12L = 0, then
Cgwer (@, b) = L*in (L,A") and similar calculations to those in Example 6.1, one of the
following holds:

e Lia=C,_,_ .., ®(C,HC,) forsomer,s € N\ {0,1,2} such that r + s < n, so that
L Cn—r—s+3 7] (Cr E Cv) or L= Cn—r—s+2 7] (Cr+1 E Cv) or L= Cn—r—s+2 7] (Cr E Cs+1 )9
each of these three bounded lattices has exactly 2"~* + 1 congruences w.r.t. its trivial
weak complementation, and, if it is not isomorphic to C,_; @ Cg, then it has strictly
less than 2"~* + 1 congruences w.r.t. its nontrivial weak complementation 2/\{1;

e L/a=2C,_ s®(CyxC3)®C, for some k€[2,n—6], so that L=C,_, ,&
CyxC)@BCror L2Cyy s By, XC)DChyor L=C, ;s ®MDC,, where M
is one of the following bounded lattices, each of which can be easily proven to have
exactly 9 lattice congruences, in whose Hasse diagrams we indicate the pair a, b of
elements of L that generates « as in Lemma 7.3, (i):

(57

out of the eight lattices enumerated above, w.r.t. their unique trivial weak comple-
mentations, the first two have exactly =4 4] congruences, while the other six have
exactly 9 - 278 + 1 congruences;
e Lia=C,, . s® Cg eC. P C% @ C, for some r,s € N* such that s> 1 and
r+s<n—6, so that L=C,_,_ ,OCOCOCDC, or L=C, , , sDC:D
Cp®CG®C or L=C,,  ®CDCOCDC,, or L=C,, , sDND
C,OdC®C or L=C,,  sDCDC,DN;DC, each of which can only
be endowed with the trivial weak complementation, w.r.t. which the first three
have exactly 2"~ + 1 congruences, while the latter two have exactly 5-2"7 +1
congruences;

m |L/a| = n — 2, so that, by the induction hypothesis, L/a = C,_;_, & C% @ C, for some
k € [2,n— 5] and, since n > 9, we can be in neither of the cases (@) or in Lemma
7.3, (ii), thus we are in case , hence L=C,_;_, 4 &® C; ®C,d Cg @ C, for some
hell,n—k—=5] or L=C,_;_, @C; ®eC, GBC% @ C,_, for some he[l,k—-3] or
L=C, 4 ®(Cy,xC3)® C,, each of which can only be endowed with the trivial weak
complementation, w.r.t. which it has exactly 2"~* + 1 congruences;

m |L/a| =n—3, so that L/a = C,_; by the induction hypothesis and, since n > 9, we
can be in neither of the cases (7), , , @ @ or @ in Lemma 7.3, (iii), hence we
are in one of the following cases:

, , @: in each of these cases L=C,_;,_, ® C% @ C, for some k €[1,n—3],
which ~contradicts the fact that, with the notations in Lemma 7.3, (iii),
a/Cg;(a,b)=la,bVc], = Cg;

(@) or @: LC, . 3@ N;®C, for some k € [2,n — 4], which has 5 - 2"° + 1 con-
gruences w.r.t. its unique weak complementation, contradicting the hypothesis;

(): since L/a is a chain and thus (b V ¢)/a is comparable to e/a, we can not be in
case @ and we have L= C,_;_, ® (C, X C3) @ C; for some k € [1,n — 5], which has
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2"=% + 1 congruences w.r.t. its unique weak complementation if ¥ > 1and 2"~ + 1 con-
gruences w.r.t. any of its weak complementations if k = 1, as noticed in Example 5.3.
Therefore |Conyyey (L2 )] < 2774 + 1.

(xi) Assume that |Conyyc (L2 )] = 2"7* 4 1, so that |Conyyey (L/a,2@)] > 2775 +1/2
by Lemma 7.1 and thus |Conyyc (L/a,A91)] > 2775 + 1.

Then, by the proof of (x), it follows that: L=C,_,._..;@® (C,HC,) for some
r,s €N\ {0,1,2} such that r+s<n+2 and 2 is trivial if r+s>6 or
L2C ;i s®Cy,xC)®C, for some ke[2,n—5] or L=C,_, . ,® C’% & C.o
Cg @ C, or some r,s € N*such thats > landr+s <n-—>5.

Corollary 7.1 For any n € N*, any lattice L with |L| = n and any weak dicomplementation
(A,Y)on L, we have:

1. |Conyypy (L,A,V)] < 2"
. |Conyypy (LA V) =2"tiff ne (1,2}

3. |Conyypy (LA ,V)] =2"2 iff n=4 and Conyypy (LA,Y) = C iff L= C3 and * =V is
the Boolean complementation;

4. if L# Cg or its weak dicomplementation is not Boolean, then: |Conwu3,u_(L,A V)| < 2n-l

iff |Conyypy (LA V)] <2"3 + 1

|Conyypy (L,2,Y)| = 2773 + 1iff Conyypy (LA,Y) & Cg_3 @D C,iffn>3and L =C,;

if |Conyypy (L,2 V)] < 2"73, then |Conyypy (L2 V)] <274 + 1

7. |Conyypy (LA ,V)] = 2"~* + 1 iff Conyygy (LAY ) = Ci* @ C, iff one of the following
holds: » n>5, L= C,HC,_p,, for some k € [3,n— 2] and (*,V ) is the trivial weak
dicomplementation on Ly» n > 6and L = C, @ C; & C,__, for some k € [2,n —4].

S

Proof Since Conyyp (L,2,Y) = Conyyey (L,2) N Conpyyer (L,Y) and thus |Conyypy (L, ,V)] <
|Conyyey (L)1, [Conpyyey (L,Y )], it suffices to calculate the numbers of lattice congruences
of the lattices in Theorem 7.2 that preserve the weak complementations in Theorem 7.2
and the dual weak complementations in the duals of the statements in this theorem. Actu-
ally, we only need to look at the lattices that appear both in these statements and their
duals; for instance, if n > 6, then, by Theorem 7.2, (xi), C,_s @ (C; HH Cs) can be organized
as a weakly complemented lattice with 2"~* + 1 congruences, but not as a dual weakly
complemented lattice with at least 2"~* + 1 congruences.

As in the proof of Theorem 7.2 for weak complementations, we use the observations
at the beginning of Section 4 and Proposition 6.1 to determine the weak dicomplementa-
tions. We determine the congruence lattices w.r.t. these weak dicomplementations by using
Lemma 4.1 along with Proposition 6.2 and Corollary 6.2.

C, can only be endowed with the trivial weak dicomplementation, w.r.t. which C,
has 1=2!"! congruences, C, has 2=22"! congruences and, if n>3, then
Conyypy (C,, 2% ,V6r) = Con(C,_,) ® C, = 2 @ C,, thus [Conyypy (C,, 20 V)| =273 + 1.

We use the notations for weak complementations in the proof of Theorem 7.2 and we
also denote, in the case when L has exactly two distinct atoms, by V-\MO) the unique non-
trivial dual weak complementation on L, as in Proposition 5.1.

By Corollary 6.2, C% has four weak dicomplementations,  Ww.r.t.
which:  |Conyypy (C2,AGMD VONO )| = 4 = 2IG1-2 while  |Conyyp (C2,2G V%) =
ICOHWD[L(C;AC%\[I} ’ch ) = |COHWD[L(C§,AC§ ’ch\{m ) =2= 2|c§|—3.
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By Example 5.3, w.rt. any of its 9 weak dicomplementations, C, X C; has at most
4 = 21%XG1-4 congruences.

If n>5, then C,_; ® C% can only be endowed with two weak dicomplementa-
tions: the trivial one, (ACm®G VGs®C)  apd (AC@®ONIY V680 ) it which
Conyypy (C_z @ C2,20-8C; V658G ) = Conyypy (C,_3 @ C2,2C8CN\ 1) V6,08C ) » Con
Cr))®C, =C > ®Cy, thus |Conyypy (C,_y @ C2,20-8C Vaa®C)| = | Conyypy (C,_3®
C;A(C SOC\1) V6,380 )| = 2" + 1. Dually, if n > 5, then C> @ C,_ can only be endowed
with two weak dicomplementations, w.r.t. which [Congyp, (C2 @ C,_5,2G8C- V80 )| =
ICOHWIDIL(C§ ® Cn_3,AC§€BCn_3 V@GeC,)\(0) ) =25 + 1.

If n > 6, then, for any k € [2,n—4], C, & C2 ®C,_ ., can only be endowed with the
trivial weak dlcomplementatlon Ww.I.t. Wthh Conyypy (C, @ C ®C, i ACOCEC, 12
VGOCOC 1) o Con(ck 1 ©C ®Cyr3) @Cz = Crzi24nta @ Cz =c @Cz’ thus
|COHWDH_(CI< @ C2 @ Cn—k— ’ACk@C ®C,_» ’VCkGBC ®C,_i )l = n— —4 +1.

By analogous calculations to those in Example 6.1, if n > 5, then, for any k € [3,n — 2],
C, HH C,_i4, has four weak dicomplementations, w.r.t. which:

|Conyypy (Cp B €y, s ValHCiii2 )| = 214276 4 ] = 2n=4 4 ]

|Congypy (Cy, A Cpepyp, > CBa\) VEGEC 1) = | Conyypy (C B C,pgas

—k+2—-4 — -5 —
ACEC, 11 VGEC, 1\(0) )| = { 2" +1=2""+1 k=3,

204 1, k>4
|COHW[D[L(Ck H Cn_k_'_z,A(C"EHC"*HZ)\{” ’V(CkEHCn—k+2)\{O} )| =
2 <24 k<4,n-k<2;
k=3 41 <204 1, k<4,n—k>3;
28 4 1, k>5n—k>3.

If n>8 and L=C, ®(C,xCy)DC, ;4 for some ke[2,n—6] or n>9
and L=C,, ,,® Cg ®C, d Cg @®C, for some r,seN* such that s>1 and
r+s <n—6, then L can only be endowed with the trivial weak dicomplementation and
Conyypy (LAEVE) = C27° @ C,, thus |Conyypy (LAY VE)| =275 + 1.

8 Conclusions

After a preliminary investigation on the (dual) weak complementations that can be
defined on bounded lattices with different structures, we determine the several largest
numbers of congruences of the n—element (dual) weakly complemented lattices and
those of the n—element weakly dicomplemented lattices, for n an arbitrary nonzero natu-
ral number. In these n—element algebras having one of these largest numbers of con-
gruences, the (dual) weak complementations are not uniquely determined by their lat-
tice structures, but they are all representable, hence the weakly dicomplemented lattices
in this list (actually all bounded lattices in Theorem 7.2 endowed with any pair of one
of these weak complementations with a representable dual weak complementation, and
dually) are canonical concept algebras associated to contexts determined by pairs of a
join—dense subset and a meet—dense subset of their underlying bounded lattices; this
sheds more light on the representability problem for weak dicomplementations on finite
lattices, which could be worth investigating with some of the tools we have developed in
this paper.
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