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Abstract. Consider the stationary motion of an incompressible Navier—Stokes fluid around
a rotating body K = R3 \ © which is also moving in the direction of the axis of rotation.
We assume that the translational and angular velocities U, w are constant and the external
force is given by f = div F. Then the motion is described by a variant of the station-
ary Navier—Stokes equations on the exterior domain 2 for the unknown velocity u and
pressure p, with U, w, F being the data. We first prove the existence of at least one solution
(u, p) satisfying Vu, p € L3/2,050(S2) and u € L3 o (€2) under the smallness condition on
U] + || + ”F”L3/2,oo(9)' Then the uniqueness is shown for solutions (u, p) satisfying
Vu, p € L3/2,00(2) N Lg,r(2)and u € L3 00(§2) N Ly (2) provided that3/2 < g <3
and F € L3/2,00(€2) N Lg,r (). Here Ly, (£2) denotes the well-known Lorentz space and
q* = 3q/(3 — q) is the Sobolev exponent to g.

0. Introduction

Let 2 be an exterior domain in R? with smooth boundary d€2. Consider the motion
of an incompressible Navier—Stokes fluid around the rigid body /C = R3\ Q which
is rotating about an axis with constant angular velocity w = ce3 = (0,0, ¢)T. We
also assume that the body K is moving in the direction of the axis of rotation with
constant velocity U = ke3. Then with respect to a coordinate system attached to
the body, the velocity u = (u1, us, u3)” and pressure p of the fluid is governed
by the following initial boundary value problem for a variant of the Navier—Stokes
equations in €2 (see [7,12,18] for a detailed derivation):

ur +divie @ u) + Lu + Vp = div F in Q x (0, 00),

divu =0 in 2 x (0, 00),

Uu=wAx—-U on 02 x (0, 00), 0.1)
u(x,t) —> 0 as |x| - oo, t>0,

u(-,0) =up in ,

H. Heck: Technische Universitidt Darmstadt, FB Mathematik, AG 4, Schlossgartenstr. 7,
64289 Darmstadt, Germany. e-mail: heck @mathematik.tu-darmstadt.de

H. Kim (X): Department of Mathematics, Sogang University, Seoul 121-742, Korea.
e-mail: kimh@sogang.ac kr

H. Kozono: Mathematical Institute, Tohoku University, Sendai 980-8578, Japan.
e-mail: kozono @math.tohoku.ac.jp

Mathematics Subject Classification (2000): 35Q10

DOI: 10.1007/s00229-011-0494-1



316 H. Heck et al.

where L is the linear differential operator defined by
Lu=—-Au+U—-wAx)-Vu+wAu.

Here up and f = div F denote the given initial velocity and the external force,
respectively.

The nonstationary problem (0.1) has been studied from the mathematical point
of view by Hishida [18], Galdi [12], Galdi and Silvestre [14], Geissert et al. [17]
and Hishida and Shibata [20], since the global existence of weak solutions was
established by Borchers [3] in 1992. Of particular interest are the global existence
and stability results in [14] and [20] for the problem (0.1) with U = 0, which
corresponds to the fluid motion around a purely rotating rigid body. In particular,
Hishida and Shibata [20] showed that if ug is sufficiently close in L3 o (S2) to a
small stationary solution us of (0.1) with U = 0, then there exists a unique global
solution # which tends to ug as ¢t — oo. This is a highly nontrivial extension of
the previous stability result by Kozono and Yamazaki [25] for the classical Navier—
Stokes problem, i.e, the problem (0.1) with U = w = 0. Itis also very important and
challenging to extend these stability results to the general case of possibly nonzero
U and/or w, which requires a detailed study of stationary solutions of (0.1).

In this paper, we shall study the steady motion! of the fluid around K, which
is described by stationary solutions of the problem (0.1); thus assuming that F is
time-independent, we consider the stationary problem in the exterior domain 2:

Lu+diviu ®u) + Vp =div F in 2,

divu =0 in 2,
u=wnx-—-U on 0€2, ©02)
ux) —0 as |x| — oo.

The existence of a weak solution u of (0.2) satisfying finite Dirichlet integral (i.e.,
Vu € L(£2)) and the energy inequality can be shown for arbitrarily large data by
applying the classical Galerkin method as in [3,12,30]. The solution u# has a com-
plete local regularity property: it becomes smooth up to the boundary 9<2 if F is
smooth enough. However there have been very few results on the asymptotic behav-
ior of u(x) as |x| — oo even for the classical Navier—Stokes equations. This makes
it extremely difficult to establish the uniqueness and stability of weak solutions of
(0.2) even though the data are assumed to be suitably small. Two approaches have
been developed to investigate such basic mathematical questions for the classical
Navier—Stokes equations in exterior domains.

The first approach due to Galdi and his collaborators relies on pointwise esti-
mates obtained by a detailed analysis of the volume potentials associated with the
Stokes and Oseen equations. In fact, Galdi and Simader [16] (see also [10,11])
showed that if @ = 0 and ||(1 + |x|)F I, is sufficiently small, then there
exists a unique weak solution « of (0.2) with finite Dirichlet integral and moreover
the solution u satisfies the decay estimate |u(x)] = O(|x|~") at infinity, which

! Tt should be noted that the steady motion with respect to a coordinate system attached to
the rigid body corresponds to a time-periodic motion with respect to the original coordinate
system. See [7,8] for more details.
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is the same as those of the fundamental solutions. An extension was obtained by
Galdi [13] to the rotating problem (0.1) with U = 0. Finally, Galdi and Silvestre
[15] showed that if |U| + |w| + ||div Fllz,@) + (1 + 1x|%) FllLy(@ 1s suffi-
ciently small, then there exists a unique strong solution (u, p) of (0.2) satisfying
V2u,Vp e Ly(Q), (1 + [x))u € Loo() and p € Ly(Q)(s > 3/2).

The second approach is of functional analytic nature and utilizes the theory of
weak L,-spaces or more generally Lorentz spaces. The Lorentz spaces L ,(£2)
have been introduced by Borchers and Miyakawa [4] and by Kozono and Yama-
zaki [24-26] in order to establish the existence, uniqueness and stability of station-
ary solutions of the classical Navier—Stokes equations. In particular, Kozono and
Yamazaki showed in [24] that if U = @ = 0 and || F|r;, .. () is small, then the
problem (0.2) has at least one solution (u, p) satisfying Vu, p € L3/2 - (£2) and
u € L3 (£2). This result was extended by Farwig and Hishida [8] to the case of
non-zero angular velocity w. However, it remains still open to prove the unique-
ness of solutions (u, p) of (0.2) satisfying Vu, p € L32,50(2) and u € L3 50(2);
see e.g. [22] for a relevant discussion. Instead, as observed recently by Kim and
Kozono [22], a bootstrap argument enables us to deduce thatif U = w = 0,3/2 <
q <3, F € L3 00(2) N Ly (£2) and ||F||L3/2,OO(Q) is small, then the problem
(0.2) has a unique solution (u, p) satisfying Vu, p € L3/2,00(2) N Ly »(£2) and
u € L3,00(2) N Lyx,(2), where g* = 3¢q/(3 — q) is the Sobolev exponent to g.
Moreover, if ¢ = r = 2, then the solution (u, p) satisfies the energy equality and
coincides with any weak solution satisfying the energy inequality whose existence
was established long ago in Leray’s celebrated paper [28].

The purpose of this paper is to establish the existence and uniqueness of solu-
tions of the problem (0.2) in the framework of Lorentz spaces, which extends the
results in [8,22,24] to the more general fluid model of possibly nonzero U and/or
w. In fact, we shall show (see Theorems 1.1 and 1.2 in the next section) that

o (Existence) if |U| + || + || F L5/, () is small, then the problem (0.2) has at
least one solution (u, p) satisfying Vu, p € L33 00(2) and u € L3 5 (£2); and

o (Unique solvability) if F € L3/2,00(2) N Ly (2) for some 3/2 < g < 3in
addition, then the problem (0.2) has a unique solution (u, p) satisfying Vu, p €
L3/2,00(2) N Ly () and u € L3,066(£2) N Lgx r(£2).

Our theorems are extensions of the previous existence and uniqueness results
given in [8,22,24] to the more general problem (0.2). Moreover, the unique solv-
ability of (0.2) is shown for more general external forces f = div F than in [15],
but with lack of such a pointwise estimate as |u(x)| = O (|x |_1) at infinity. On the
other hand, it was shown in [22] that weak solutions of (0.2) satisfying the energy
inequality are unique if U = @ =0, F € L3/2,00(2) N L2(€2) and || Fl ;5 . () 18
small. The proof is based on a uniqueness criterion due to Kozono and Yamazaki
[26] which we have a serious difficulty in extending to the rotating case @ # 0. This
difficulty, which is caused by the presence of the unbounded term (@ A x) - Vu in
Lu, has not been resolved yet. Hence the uniqueness of weak solutions satisfying
the energy inequality remains still open for the problem (0.2) with nonzero angular
velocity .
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Our results on the nonlinear problem (0.2) are deduced from the correspond-
ing results on its linearized problem by means of a standard fixed point theorem
together with a bootstrap argument. The linearized problem in Lorentz spaces has
been studied in great detail by Kozono and Yamazaki [24] and Farwig and Hish-
ida [8] for the special cases of U = w = 0 and U = 0, respectively. We will
obtain a complete L, ,-result (see Theorem 1.3 below) for the linearized problem
of (0.2), by following the argument of Farwig and Hishida [8] with the help of the
L ,-estimate due to KraCmar et al. [27].

The outline of this paper is as follows. In Sect. 0, we shall state all of our main
results with some basic definitions introduced. Section 1 is devoted to proving the
unique solvability result in L ,(£2) for the linearized problems in the whole space
and bounded domains. In Sect. 2, we then obtain a complete L, ,-result for the
linearized problem in exterior domains. Finally we complete the proofs of the main
results for the nonlinear problem (0.2) in Sect. 3.

1. Results

To begin with, we rewrite the problem (0.2) as an equivalent problem with homoge-
neous boundary conditions by using a simple change of variables. Letn € C3° (R3)
be a fixed cut-off function with n = 1 near €2, and let us define

b(x) = %rot [n(x) (U Ax— |x|2w)] .

It is easy to show that

00 (M3 : _ : 3 Ny — _
[beCo R}, divb=0 inR3 blha=wArx—U, (13)

D1l oo r3) + VPl o3y < C (U] + |@])
for some constant C = C(€2). Hence any solution (u, p) of (0.2) is determined

uniquely by (u, p) = (v + b, w) for a solution (v, ) of the following homoge-
neous problem in the exterior domain 2:

Lv+ Vr =div(F — Qp(v)) in £,

divv =0 in 2,
(NS) v=20 on 0%2,
v(x) > 0 as |x| — oo,

where Q) is the nonlinear operator defined by
Op(W)=W+b)@W+b) —Vb+ U —woAx)@b+D® (wAx). (1.4)

From now on, we shall study the solvability of the exterior nonlinear problem (NS)
in the framework of Lorentz spaces.

Let D be the whole space R3, or a bounded or exterior domain in R3 with
smooth boundary. For 1 < g < oocand 1 <r < 00, Ly(D) and L, ,(D) denote
the usual Lebesgue and Lorentz spaces over D with norms || - [l4;p and || - ll4.; D,
respectively.
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The completion of C§°(D) with respect to the norm ||V - ||q pis denoted by
l(D) Byreal interpolation, we define H (D) by H1 AD) = (H (D) (D))g s
where l<qgo<qg<gq <ocoand0 < 6 <1 satlsfy 1/q = (1 — 9)/qo +9/q1
It is well-known (see [1] for instance) that C5°(D) is dense in both L, (D)
and I-'Iqur(D) if I < r < oo. Denote by ﬁq,,(D) and I:Iqur(D) the closures of
CgO(D) in Lq,r(D.) and quyr(D), respectively; of course, Ly (D) = Ly (D)
and H) (D) = H, (D) for I < r < oo. Note that Ly (D) = Ly ,(D)*,
where q'/ and r’ denote the Holder exponents to g and r, respectively. We also
define qur‘(D) = qu, (D)* and H;l(D) = qu;(D) = qu,(D)*, so that
H‘;}(D) = (Hq_ol(D), I-'Iq_ll(D))g,,. We denote by (-, -) simultaneously the duality
pairings between L, (D) and L/ (D) as well as between H, (D) and H (D)

Finally, the norm of Hqi} (D) is denoted by || - ||-£1,4,;p OF s1mply by | - ||i1,q,r if
D is the exterior domain €2 under consideration.

It was shown by Kozono and Yamazaki [24] (see Lemma 3.1 below) that if
w E qu’,(Q) for some (g, r) satisfying either 1 < g < 3 or (¢,r) = (3, 1), then
w(x) — 0as |x| > oo and w = 0 on 92 in some weak sense. Hence we define
weak solutions of (NS ) as follows:

Definition 1.1. Let (g, r) satisfy either | < g < 3, 1 <r<ooor(g,r)=(@G,1).
Suppose that F' € L, ,(£2). Then a pair (v, ) in qu’r(Q) x Lg r(£2) is called a
weak solution or simply a solution of (NS) if

()dive =0 in £,

QU —-wrx) Vot+orveH N(Q),

B) (Vu,Vu)+{((U—-wAx) - Vo+wAv,w) = (r,divw) — (F — Qp(v), Vw)
for all w € C°(2).

The main purpose of this paper is to establish the existence and uniqueness of solu-
tions of (NS ) under the smallness condition on |U| + |@| + || Fl3/2,00. We first
prove the existence of at least one solution in H3 1, 00 (82) X L3/2, 00(€2) of (NS).

Theorem 1.1. There are small positive constants o = 80(2) and ey = £9(S2) such
thatif F € L33, 00(2) and |U| + |w| + || FlI3/2,00 < 80, then there exists a unique
weak solution (v, ) € Hg/2 00 (§2) X L33 00(82) of (NS ) satisfying the estimate

vll3,00 < &0- (1.5)
Moreover we have
[vl13,00 + IVVII3/2,00 + 17 [13/2,00 < Co (IU] + @] + | Fll3/2,00)  (1.6)
for some constant Cop = Co(2) > 0.

Remark 1.1. If (v, ) is a solution of (NS ) obtained by Theorem 1.1, then (u, p) =
(v + b, ) is a weak solution of the original stationary problem (0.2).

Remark 1.2. Theorem 1.1 was first proved by Kozono and Yamazaki [24] for the
special case U = w = 0 and then by Farwig and Hishida [8] for the more general
case U = 0. Our result is an extension of the previous results in [24,8] to the more
general problem (NS) with possibly nonzero U and/or w.



320 H. Heck et al.

As an application of Theorem 1.1, we deduce the continuous dependence of the
solution of (NS) on the data with respect to the weak-* topology.

Corollary 1.1. Let F € L32.5(Q) and (U, w) = (ke3, ce3) € R® x R3. Let 50
be the same constant as in Theorem 1.1, and suppose that F,, — F weakly-*
L3/2,00(R), (kn, cn) — (k,c) in R? and || Fyll3/2,00 + lkn| + lcal < 30 for eaCh
n € N. For each n € N, we denote by (v, 7,) the weak solution in H3/2 (R2) x
L3/2,00(82) of (NS) satisfying (1.5), with (F U, w) replaced by (Fy, kyes, cpes).
Furtherlet (v, ) be the weak solution in H3/2 0o ()X L3/2,00(2) of(NS) satisfying
(1.5). Then the sequence {(vy, 7w,;)} converges to (v, ) weakly-* in H 3/2 0o (£2) x
L32,00(52).

Remark 1.3. Corollary 1.1 extends a stability result due to Shibata and Yamazaki
[29] to the more general, possibly rotating, Navier—Stokes flows.

It remains still open to prove the uniqueness of solutions in H31 /2,00 () x L3/2,00(82)
of (NS) for small || F'||3/2,00 Without the smallness condition (1.5) on the solutions
themselves, even in case of the classical Navier—Stokes problem, i.e., (NS) with
U = o = 0; see [22] for more details. We shall however establish the unique-
ness of solutions of (NS ) in some supercritical solution spaces. To state our result
precisely, let us introduce the following function spaces: for 3/2 < ¢ < 3 and
1 <r < oo, we define

Vyr= I—]31/2’OO(Q) N I-‘Iqlqr(Q) and Il , = L3/2,00(2) N Ly ().
Both V, , and I, are Banach spaces equipped with the natural norms
Ivllv,, = IVVll3/2,00 + [IVVllg,r and |I7lim,, = I7l3/2,00 + 7 llg,r,

respectively.
Theorem 1.2. Suppose that 3/2 < g < 3 and 1 < r < oco. Then there is a small
positive constant § = §(S2, q, r) suchthatif F € I , and |U |+ ||+ | F|13/2,00 <
8, then there exists a unique weak solution (v, w) € V, , x Iy » of (NS ). Moreover,
we have

V113,00 + IVV113/2.00 + 17 13/2.00 < C (U] + || + [ Fl13/2,00)
and

Ivllger + IVVllgr + I7llgr < C' (Ul + |0l + [ Flig.r)

for some constants C = C(2) and C' = C'(2,q,r), where g* = 3q/(3 — q) is
the Sobolev exponent to q.

Remark 1.4. (1) The existence of a unique solution (v, ) of (NS ) was proved first
by Galdi and Silvestre [15] under a stronger hypothesis that |U | + |w| + ||div F'||2 +
(1 + |x]?) Floo is sufficiently small. They also obtained the pointwise estimate
lv)| = O (]x|~!) at infinity.

(2) In Theorem 1.2, we prove the unique solvability of (NS ) for more general
F than in [15], but with lack of a pointwise estimate at infinity.

(3) Theorem 1.2 also extends recent existence and uniqueness results by Kim
and Kozono [22] for the case U = w = 0.
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Remark 1.5. V32,00 X II3/2,00 = H31/2,oo(9) x L3/2,00(2) is a critical solution
space for the classical Navier—Stokes equations from the viewpoint of scaling invari-
ance, while V,; , x I,  is supercritical if g > 3/2. On the other hand, the smallness
on F needs to be assumed only in the scaling invariant space L3,2 o (£2).

As a consequence of Theorem 1.2, we also obtain the following continuous
dependence result.

Corollary 1.2. Let F € T, , and (U, w) = (kes, ce3) € R® x R3, where 3/2 <
g < 3and 1 < r < oo are fixed. Suppose that F, — F weakly-* in Il ,,
(kn, cn) — (k, ¢) in R% and | Full3/2,00 + lknl + lcn| < 8 for eachn € N, where §
is the same constant as in Theorem 1.2. For each n € N, we denote by (v,, ) the
weak solution in Vy , x Iy » of (NS) with (F, U, w) replaced by (Fy, kye3, c,e3).
Further let (v, ) be the weak solution in V; » x I, , of (NS). Then the sequence
{(vn, mp)} converges to (v, w) weakly-* in Vy , x Ty .

In order to obtain our results on the nonlinear problem (NS ), we need to study the
corresponding linearized problem. Consider the following linear problem in the
exterior domain :

Lv+Vr = fin Q,
divv=g in Q,

v=20 on 0€2,
v(x) —> 0 as x| — oo.

)

Following the argument of Farwig and Hishida [8] with the help of the L ,-esti-
mate due to Kracmar, Necasova and Penel [27], we shall establish the complete
L r-result for the linear problem (S) in Sect. 2.

Theorem 1.3. Let (g, r) satisfy one of the three conditions

(i) q=3 r=o0
(i) 3<g<3, 1<r=oc; (1.7)
(iii) g=3r=1

Then for every f € Hq_,1 () and g € Ly () with (U — o AXx)g € H(;}(Q),
there exists a unique weak solution (v, w) € I-'Iqlm (82) x L4 r(2) of (S). Moreover,
for |U|+|w| < M < o0, there is a positive constant C = C(S2, q, r, M) such that

IVollgr +17llg,r < C (1f1=1,.r + lIgllgr + (U =@ AX)gl-1,4.r) - (1.8)

Remark 1.6. Theorem 1.3 extends the previous result by Kozono and Yamazaki
[24] as well as the result by Farwig and Hishida [8] to the more general case of
possibly nonzero U and/or w.
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2. Linear problems in the whole space and bounded domains

In this section, we study the unique solvability in the Lorentz spaces L, , of the
following linear problems in the whole space R* and on a smooth bounded domain
D C R

Lv+Vn:finR3,

(Sp2) divv=¢ in R3

and
Lv+Vr = finD,
Sp) divv =g in D,

v=0 on dD.

2.1. The whole space problem (Sg3)

Denote by S’(IR?) the space of all tempered distributions on R3. Since Ly, R c
L1(R?) + Loo(R?), it is obvious that Lq,r(R3) C S'(R3). It is quite well-known
(see [6, Proposition 1.2.1] e.g.) that if v is a distribution with Vv € S'(R?), then
v € §'(R?). Hence it follows that H) ,(R?) C S'(R?).

By a direct calculation, we derive

div(U —-—wAx)-Vv—wAv)
=U—-wAx) -V(divy) =div((U — o A x)divv) 2.9)

for all v € S’(R?). Hence if (v, 7) € S'(R?) is a distributional solution of (Sg3),
then

Ar =divh in R? (2.10)
and
Lv= fy inR3, (2.11)
where
h=f+Vg—(U—-wAx)g and fo=f—Vm.

The unique solvability in L, , of (2.10) was already shown by Kozono and Yama-
zaki [24, Lemmas 2.4 and 2.5].

Lemma 2.1. Let 1 <q <ooand1 <r < oo. Then foreveryh € Hq_r1 (]R3), there
exists a unique (very weak) solution m € Lq,r(ﬂ@) of (2.10). Moreover, we have

”n”q,r;R3 S C‘”h”—l,q,r;ﬂ{3

Jfor some constant C = C(q, r).
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Sketch of the proof. The uniqueness follows from the classical Liouville theo-
rem for harmonic functions in R3 or Lemma 2.2(b) below. To prove the exis-
tence, let h € 1-'11; ,1 (R3) be given. By Lemma 2.2 in [24], there is a matrix-
valued function H = {ij}j,kzl,z,g in Lq,r(R3) such that » = divH and
IH, w3 < C(g.r)hl-y 4 .r3- Then the solution in Lq,r(]l@) of (2.10) is given
by r = Zj’,k:l Rijij, where R = F~! ((i&/|€|)F-) denotes the Riesz trans-
form. It is well-known that R is bounded on L, , (R3). This completes the proof of
Lemma 2.1. O

The unique solvability in L, of (2.11) has been studied by Farwig [7] and by
Kra¢mar et al. [27] for strong solutions and weak solutions, respectively. The
uniqueness of solutions can be deduced from the following Liouville-type results,
the proofs of which are given in [7, p. 142](see also [9,19]).

Lemma 2.2. (a) Ifv € S' (R and Lv = 0inR?, thenvis a polynomial vector
function.

(b)Ifw e SR and —Aw + (U —wAx)-Vw = 0inR3, then wisa
polynomial.

For the existence of weak solutions in L, of (2.11), we recall the following result
due to Kra¢mar et al. [27].

Lemma 2.3. Let | < g < o0o. Then for every fy € 1’-'Iq_1 (R3), there exists a unique
weak solution v € qu (R3) of (2.11). Moreover, we have

190l g3 < Cllfoll g
for some constant C = C(q).

By real interpolation, we can prove the unique solvability in L , (R3) of (2.11).

Lemma24.Let 1 < g <ocoand 1 <r < oo. Then for every fy € Hq_r1 (R3),
there exists a unique weak solution v € I-'Iql’r(R3) of (2.11). Moreover, we have

“Vv”q,r;R3 = C||f0||7l,q,r;R3

for some constant C = C(q, r).

Proof. Tt follows from Lemma 2.3 that for each 1 < g < oo, there exists a
bounded linear operator 7 : Hq_l (R3) - H ql (R3) such that L (Tq fo) = fo for
all fo € H'(R?).

Letl < g <ooand 1 < r < oo be fixed, and let us choose ¢, ¢1, 0, with
l <go<q<q1 <00,0<8 <landl/g =1 —6)/q0+ 0/q1, so that
Hy ,(RY) = (Hy (R%), Hy, (R))e,r and Hy [(R) = (Hy,'(R), Hy' (R
Suppose that fy € Hq_ol(R3) N Hq_ll(R3). Then v = Ty, fo — Ty, fo satisfies

ve Hy (R + Hy (R’) and Lv=0 inR’.
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It follows from Lemma 2.2(a) that v is a polynomial. Since Vv € Ly, (R3) +
Ly, (R3), Vv must be identically zero. This shows that Ty, = T, on Hqu(IR@) N

Hq_l 1(R3). Hence there exists a unique linear operator
. =1 m3 7—1 /3 71 3 71 3
T:H, (R)+H, (R)— H, (R)+ H, R
such that T = T, on I-'qul(R3) for eachi = 0, 1. Recall that T|H*‘(]R3) =Ty is
i q;
bounded from H, 1(R3) into qui (R3) for each i = 0, 1. Therefore by real inter-
polation theory, we deduce that 7' is bounded from I-'qurl (R?) into I-'Iql,r(R3). On
the other hand, it is obvious that for each fy € Hq_ol(R3 )+ I-'Iq_1 L(R3), v =Tfis

a distributional solution of Lv = fo in R3. This proves the existence and a priori
estimate of a weak solution v € qu’r(ﬂ@) of (2.11) for every fo € H,_ 1(R3). The

uniqueness of weak solutions in H ql)r (R3) follows immediately from Lemma 2.2(a)
since H;,,(R3) C 8'(R3). This completes the proof of Lemma 2.4. O

We are now ready to prove the unique solvability resultin L, , for the whole space
problem (Sg3).

Proposition 2.1. Let | < g < oo and 1 < r < oo. Then for every f € Hq_,l (R3)
and g € Lq,r(R3) with (U — o A x)g € Hq_rl (R3), there exists a unique weak
solution (v, ) € I-'Iql,r(R3) X Lq,r(R3) of (Sr3). Moreover, we have
IV0lly s + 17l 0
< C(Ifl=1,g.rrs +Iglgrrs + 11U =@ AXEN_1 4.r73)

for some constant C = C(q, ).

Proof. Let (v, 7) be aweak solutionin H,}  (R%) x L, - (R?) of (Sgs) with (f, g) =
(0, 0). Then it follows from (2.10) and (2.11) that Aw = Oand Lv = 0inR3. Using
Lemma 2.2 again, we easily deduce that 7 = 0 and Vv = 0 in R3. This proves the
uniqueness assertion.

_ To prove the existence and a priori estimate, let us suppose that f €
H;N(R?), g € Ly (R¥) and (U — w A x)g € H, }(R?). Then

h=f+Vg—(U-wnrx)geH (R (2.12)
and
120 g ey = W l-1grrs + 18llg g + IU — @ AX)gI_1 g rir3-
By Lemma 2.1, there exists a unique 7 € Lq,,(R3) such that
Ar =divh and |7, ,.r3 < Cllhll_j 4 R (2.13)

Notethat fo = f—Vr € Hy }(RY) and | foll -1 sy < I1f 111,93 17 llg -
Hence by Lemma 2.4, there exists a unique v € qu,r(R3) such that

Lv=f—Vr and [[Vv|,,gs <C(Ifll_14,r + 17l ,Rr3). (2.14)
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To complete the proof, it now remains to show that divv = g. Set w = divv — g.
Then by virtue of (2.13) and (2.14), we easily have

we Ly, (R and —Aw+ (U —wAx)-Vuw=0.

Hence it follows from Lemma 2.2 (b) that w = 0, i.e., divv = g. We have com-
pleted the proof of Proposition 2.1. O

‘We finish this section with Galdi and Silvestre’s existence result [15, Theorem 2],
which will be used to prove the energy equality and uniqueness of weak solutions
of the linear problem in exterior domains.

Proposition 2.2. Assume that g = 0. If f = divF € Ly(R3) and (1 + |x|*) F €
LOO(R3), then there exists a unique strong solution (v, ) of (Sp3) satisfying

ve H}®RY, (1+x])ve Loo(RY),
V20,V € Ly(R3), me LR (s> 3).

2.2. The boundary value problem (Sp)

We next study the linear problem (Sp), where D is a bounded domain in R® with
smooth boundary. Since D is bounded, L = —A 4+ (U —w Ax) -V +wAisa
compact perturbation of the Laplace operator —A. Hence the unique solvability in
L, of (Sp) can be easily deduced from classical Cattabriga’s L -theory in [5] for
the usual Stokes problem. Then by real interpolation, we can establish the unique
solvability in L, , for (Sp). To begin with, let us introduce

AL, (D) =C D) = {v € H\(D) :divo =01in D} .

Lemma 2.5. Let 1 < g < oo. Then for every f € I-'Iq’l(D), there exists a unique
v E I-'Iql’(7 (D) such that

/Vv-V<pdx+/((U—a)Ax)-Vv—i-a)/\v)-godx:(f,(p) (2.15)
D D

for all ¢ € Cg?a (D). Moreover, for |U| + |w| < M < o0, there is a positive
constant C = C(D, q, M) such that

Vvllg:p < Cll fll-1.4:D- (2.16)

Proof. Note that

/((U—wa)-Vv+wAv)~vdx:O forallve[-.lzl’g(D).
D

Hence by the Lax-Milgram theorem, we deduce that for each f € H{ ! (D), there
exists a unique v € HZI’U(D) satisfying (2.15) and (2.16) with C = 1.
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Suppose now that2 < g < oo, andlet f € Hq_ 1(D) be given. Then there exists
aunique v € I-'Izl’U(D) satisfying (2.15) and ||Vv|2.p < | fll=1.2:p. Let Lq be the
operator defined by Lov = (U —w Ax) @ v+ v ® (w A x). Then since divv = 0
and v € HZI(D) — Lg(D), it follows that (U —w A x) - Vv +w A v = div Lov
and Lov € Le(D). Hence it follows from the classical L,-result due to Cattabriga
[5] that v € H)) (D), where go = min(6, ¢). If 2 < g <6, thenv € H, , (D) and

IVvllg:p < C (ILovllg:p + I fll=1,4:D)
<C(U|+ |loDlvlg;p + Clifll-1.4:0
< C(U| + |oDIIVVll2;p + Cll fll-1.4:0
<C(U|+ |ol+ DI fll-1,4;D
for some C = C(D, q).1f6 < g < oo, then v € I-']ql’(,(D) <> Loo(D) and

6 1-6 6 1-6
ollg:n < IolgB vl < CUAIYE  pIVoll s,

so that
IVollg:p = € (1Lovllg:p + I fll-1.4:D)
6 1-6
< CIAIE L pIVVll 5+ ClLf -1

1
= Clifll-rg:p + 5IVVlg:n:

which also implies the estimate (2.16) too. This proves the lemma for the case
that 2 < g < oo. The remaining case can be easily proved by a duality argument
because the formal adjoint L* of L is givenby L* = —A — (U —@w AXx) -V — oA
which is essentially the same as L. The proof of Lemma 2.5 is complete. O

Fix a cut-off function np € Cgo(D) with f p o dx = 1. Then by real interpola-
tion, we easily deduce the following basic lemma from the classical result due to
Bogovoskii [2] (see also [8,10,31]).

Lemma 2.6. For 1 < g < oo and 1 < r < 00, there exists a bounded linear
operator

B=Bp: Ly, (D)~ H, (D),
called the Bogovoskii operator on D, such that
B (C3o(D)) C C°(D) (2.17)

and

divBg =g — /gdx np forall g € Ly, (D).
D

Remark 2.1. Tt also follows from (2.17) that B is a bounded operator from lA,q, (D)
to ) (D).
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Using Lemma 2.6, we obtain
Lemma 2.7. Let]l < g <ooandl <r <oo.lf f € qurl(D) is avector satisfying
(frw) =0 forall w e C§o, (D), (2.18)

then there exists a scalar w € Ly (D) such that

f=Vr, ie, {(fiw) = —/ndivwdx forall w € C3°(D)
D

and

||7T||q,r;D =< C”f”fl,q,r;D
for some constant C = C(D, q,r).

Proof. Following the proof of [21, Lemma 7], we define 7 : Lq/,,/(D) — R by
(7,8) = —(f.Bg) forall g € Ly, /(D). (2.19)

By Lemma 2.6 and Remark 2.1, 7'AL'A is a well-defined bounded linear functional
on Lq/,,/(D). Since Ly (D) = Ly, (D)*, there exists m € Lg (D) such
that (7, g) = fD mwgdx for all g € iq + (D). Moreover, since |—(f, Bg)| <
IIfIIH—l(D)IIBgIIHu o = CW a8z, ) orall g € Ly, (D). it fol-
lows that || ||, r(D) ClfIl (D) Hence to complete the proof, it remains to

prove that f = Vm. Given w € C5°(D), we set g = divw. It is obvious that
g € C(D) and [, gdx = 0. Hence Bg € C3°(D) and divBg = g = divw.
This implies that Bg — w € C%, (D) and < f, Bg — w >= 0. Therefore, using
(2.19) and (2.18), we have

/ndivwdx: (m,g) = —{(f,Bg) =—(f,w).
D

This completes the proof of Lemma 2.7. O

We are now ready to prove the unique solvability result in L, , for the boundary
value problem (Sp).

Proposition 2.3. Let 1 < g < oo and 1 < r < oo. Then for every f € H, ._I(D)
and g € Ly (D) with fD gdx = 0, there exists a unique weak solution (v ) €

(D) x Ly (D) of (Sp) with fD 1w dx = 0. Moreover, for |U|+|w| < M < oo,
there is a positive constant C = C(D, g, r, M) such that

”VU”q,r;D + ||7T||q,r;D =< C (”f”fl,q,r;D + ”g”q,r;D) .
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Proof. Suppose that (v, ) is a weak solution in qu,r(D) x Ly (D) of (Sp) with
(f, &) = (0,0). Then since v € I-'I(;O’G(D) forany 1 < go < g, it follows from
Lemma 2.5 that v = 0 and so V= 0. This proves the uniqueness assertion of
the proposition. To prove the existence and a priori estimate, let S : H 7 (D) —
qu,a(D), 1 < g < o0, be the operator such that for each f € Hq_l(D), v=_5,f
satisfies (2.15) and (2.16). Then S, is linear and bounded on Hq_l (D), and S,y = S,
on H, ' (D)NH, ' (D) forany 1 < go < g1 < oo.Hence by real interpolation, there
exists a bounded linear operator S, , : H;}(D) — I-.I{}’r(D) such that for each f €
HN(D),v =S, f satisfies (2.15), divv = 0 and |Vvllg.r:p < Cllfl-1.q.r:D-
By Lemma 2.7, there also exists 7 € L (D) such that Lv — f = —Vx and
lwllg,r»p < CIILv — fll-1,4,r;p- This completes the proof of Proposition 2.3 in
case when g = 0. The proof of the general case based on Lemma 2.6 is quite easy
and omitted. m]

3. The linear problem in exterior domains

The purpose of this section is to establish both existence and uniqueness assertions
of Theorem 1.3. To do so, we need to combine the solvability results for the whole
space problem (Sk3) and the boundary value problem (Sp), by using suitable cut-
off functions. Here we shall closely follow the cut-off procedure developed by
Farwig—Hishida [8].

3.1. Preliminaries

Let R > 5 be a fixed number so large that R3 \ Q C Br_s5, where B, = {x € R3:
|x] < r}forr > 0. We also set 2, = QN B, foranyr > R — 5.

The following result was obtained by Kozono and Yamazaki [24, Lemma 2.1]
using the real interpolation theory.

Lemma 3.1. Let D be the whole space R3, a smooth bounded domain in R? or a
smooth exterior domain in R>.

(@) Letl <g <3andl <r <oo.lfw e I-'I(}’r(D), thenw|yp =0, w € Ly, (D)
and | wllgxr,p < ClIIVw|l4,r;p for some constant C = C(q,r) > 0, where
q* = 3q/(3 — q) is the Sobolev exponent 1o q. B

() If w € Hi (D), then wlap = 0,w € L®(D) N C(D), [wllos:p =

%||Vw||3,1;D and w(x) — 0 uniformly as |x| — oo.
Using Lemma 3.1, we first obtain the following result for our cut-off techniques.

Lemma 3.2. Let v € C{°(BR) be a cut-off function with y = 1 in Bg_s. Suppose
thatl <q <ocoand1 <r < oo.
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(a) For every v € I-'Iql)r(SZ), we have

YveHy, Q). (1—y)veH R
and

IVWo)llgror + IV =9)v) lly r3 < ClIVUllg,r
for some constant C=C,y,q,r)>0.
(b) Forevery f € Hq_,1 (2), we have
wf € H N (Qr), (1—v)f€H (R

and

IV fll-1.g.r0r + I =V)flloy g rr3 = ClflI-1.4.r

for some constant C = C(2, ¥, q,r) > O.
(©) Assumefurther that either 1 < q < 3,1<r<ocor(q,r)=(3,1). Then for
every vy € qu’r(QR) and vy € qu’r(ﬂ@), we have

v= Yo+ (1= ) € Hy (Q)

and

IVullgr < € (IVVillgriaq + 1V02lly - m2)
for some constant C = C(RQ, ¥, q,r) > 0.

Proof. (a) Assume that 1 < ¢ < oo, and let v € H;(Q) be fixed. Then since
v = 0 on 9€2, there holds the Poincaré inequality

”U”q;QR < CIIVUIIq;QR
with C depending only on €2 and ¢. Using this, we have
IV@ ) llgsap + 1V (1= ¥)0) llgir3 < € (I0llgsx + 1VVllg;0) < ClIVullg.

Moreover, since C(C)’O(D) is dense in qu (D), where D = Qpg, Q2 or R3, a stan-
dard density argument allows us to deduce that if v € I-.Iql(SZ), then Yyv €
qu (Qr)and (1 — Y)v € qu (R3). This proves (a) for the special case when
1 < g =r < oo. The general case follows then by real interpolation.

(b) By real interpolation, it suffices to prove (b) for the special case when 1 <
q = r < 00. Suppose first that 3 < g < oo, and let f € I-'Iq’l(Q). Then by
Sobolev’s inequality(see Lemma 3.1), we have

<U=9)fvn>=<fd=Y)v>
S Il g IV (L= )v2) llgr
< Clfl-1q (Iv2llgr0q + 1V021470)
= Clfll-1qlVozllygs-
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for all v € CG°(RY). Since C3°(R?) is dense in H,,(RY), it follows that
(1—9)f € Hy'(RY) and [[(1 = ¥)f]|_; 45 < Cllfll-1,4- Suppose next
that] < g <3, andlet f € Hq—l(sz). Denote by Dy the set of all ¢ € CJ°(R?)
with fQR @ dx = 0, so that the Poincar€ inequality [l¢|l;.0, < CIVolly:ax
holds for all vy € Dy. Then for all vy € Dy, we have
<(d-P)fimu>=<f0-yY)n>

= [ f =161V (A = ¥)v2) [l

< Cllfll-1,4IVv2lly.r3
But since 3 < ¢’ < oo, it follows from thp proof of [23, Lemma 2.5] (see
also [24, Lemma 2.3]) that Dy is dense in H ql, (R?). This completes the proof
of the assertions for (1 — i) f for the case 1 < ¢ = r < oo. The general case
follows immediately by real interpolation. The assertions for i f can be proved
similarly.

(c) This can be proved easily by using the embedding qu’r(D) — Ly, (Qr),
where D = Qg or R3. Indeed, if vy € H{ | (R?), then by Lemma 3.1 (b), we
have

IV (1= ¥)v2) l13,1:2 < C (Iv2ll3,1:05 + IV203,1:2)
< C (Iv2lloc: 2z + IVV2l13,1:2) < ClIVV2l3 1R

The other assertions are proved similarly. This completes the proof of Lemma
3.2 o

3.2. Proofs of the uniqueness and a priori estimate

We first prove the uniqueness assertion and a priori estimate of Theorem 1.3. In
fact, the uniqueness assertion of Theorem 1.3 is an immediate consequence of the
following result, which is inspired by [15, Theorem 3] and [8, Propositions 5.1 and
5.2].

Lemma 3.3. For each i = 1,2, let (q;, ;) satisfy either | < q; <3,1 <r; <00
or (gi, ri) = (3, 1). Suppose that

f=divF € Ly(Q), (14 [x1*) F € Loo(S);
veH)  (Q+H),,(Q),7 €Ly Q)+ Loy () (3.20)
Lv+Vr = f, divv =0in Q.

Then we have

ve H(Q), (1+|xDve Loo(S),

V20,V € Ly(Q), e Ly(Q) (s > 3)

(3.21)

and

/|Vv|2dx = —/F.de. (3.22)
Q Q
It thus follows that if F = 0, then (v, ) = (0, 0) in Q.
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Proof. It follows from (3.20) that Vv € Ly joc (Q) for any ¢ < min(q1, ¢q2). Hence
applying a local regularity theory for the Stokes equations (see [10] for instance),
we easily deduce that

Vo, € Hy 1,.(Q); thatis, Vv, Vv, 7, V7 € L2 10c(). (3.23)
Choosing a fixed cut-off function ¢ € C§° (R3) such that

_ L IxI=R=3,

we define
v=(0—-yYv)v+Bw-Vy¥) and 7 =1 —y)m,

where B is the Bogovoskii operator on the annulus Bg_; \ Br_a; see Lemma 2.6.
Then it follows from (3.20), (3.23), Lemma 3.2(a) and Lemma 2.6 that

q1,r1 loc(R3)’
Ly r (R3) + Ly, r, R[N HY , (RY); (3.25)
Lv+ V7 = f, divi=0 inR?

Te Piﬂ ®3) + H) (R3)] N H2

T e

where

f=A=-Y)f+2VYy - Vo+[AY — (U —wAx)-Vy]u
—VY + LB - V).

Note here that f = f |+ f5, f1 =div ((1=y)F) € Ly(R?), 1+ |x[)((1—¥)F) €
Loo(R?), f2€ Le(R?) and supp fo C Bg—». Setting F2 =V ((1/47|x]) x f5) .
we easily deduce that ?2 =div F> and (1 + |x|>)F> € Loo(R3); see [15, p. 396]
e.g. Hence by virtue of Proposition 2.2, there exists a unique pair (v, 77) such that

i e Hy(RY), (1+x])7 € Loo(RY),

V20, Vit € Ly([R?), 7 e Ly(R%) (s> 3); (3.26)

Lo +Va=f, divi=0 inR>.
Let us now define (vg, m9) = (v — v, T — 7). Then by virtue of (3.25) and (3.26),
we have

vo € Hy, ,,(R?) + Hy, . (R?) + H} (RY);
70 € Lgy.rn (R?) + Lo 1, (R?) + Lo (R?);

Lvg+Vrg=0, divvg=0 in R3.

Since divvy = 0, it follows that Ay = 0 in R3. Hence using Lemma 2.2, we
easily deduce that 79 = 0 and vg = 0. This proves that (v,7) = (v, 7) in R3.
Moreover, since (v, ) = (v, ) for |x| > R — 2, we conclude from (3.23) and
(3.26) that (v, m) satisfies the regularity (3.21).

Next, to prove the energy equality (3.22), we apply the method of cut-off func-
tions with an anisotropic decay. Following Galdi-Silvestre [15, Lemma 3], we
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choose a number > 1 and a non-increasing function U e C®([0, 00)) with
Y()=1for0 <t <1andy(t) = 0fort > 2. For any o > R, we then define

2 2 2
- X7+ x X
Yo(x) = ¥ 1Q22+Q% for x € R,

By direct calculations, we easily obtain

(@A xX) - Vip(x) = _cxfaﬂ(x) + cxl%m =0,
‘a%( )‘ 3% (x) ‘8%

(x )' = % (3.27)
Q

for all x € R3, where the constant C depends only on & and . Hence multiplying
the system in (3.20) by v, v and integrating by parts, we have

/|Vv| wgdx—i-/(Vv Vi) - v——|v| U-Viy,dx
Zo

=/n(v'V1//g) —(F - Vi) -vdx —/(F'Vv)wgdx,
Q

Zo

where X, denotes the support of Vi/,. It follows immediately from (3.21) that

/|Vv|21pgdx—>/|Vv|2dx and /(F-Vv)wgdxe/(F-Vv)dx
Q Q Q Q

as o — o0. To treat the remaining terms, we observe that

%, C [x = (', x3) € RY: 0% < [¥]P 4 0222 < 492]
c fr il =20% o -0 = W 40 — )

Hence for all large o with p>~2% < 1/2

207 492_92—2ax§
/ dx < / / 2 d
—dx < ———drdx;
|x|? 1’2—|-x32
2 2202
o —0 X3

20“
407 + (1 — ¢*72*)x3
/ (g - 22a)x§ 4

40% + x2/)2
Q +x23/ dxs
Q + x5 /2
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2@‘171 5
4+417/2
=2r / In +—/ odt
14122
0

o0
44122
<2 In|{ ——"=) dt = Co,
= ”p/n(1+r2/2) ¢
0

where C is an absolute constant. Using this estimate together with (3.21) and (3.27),
we thus obtain

/\(VU-vwg).vy+|n(v-vI/fg)}+](F.wg)-v} dx
ZQ
12 1/2

<cC /|w9|2|v|2dx <=
ZQ ¢ Zg

and
2 Vr,| d ¢ ! d . 0
|U| |U ‘(//Q| XSQ_O( W xfgaq —>
EQ EQ

as o — oo. This proves the energy equality (3.22). We have completed the proof
of Lemma 3.3.

We next prove the a priori estimate of Theorem 1.3.

Lemma 3.4. Let (g, r) satisfy either | < q <3,1 <r <ooor(q,r) = (3,1).
Then for M > 0, there is a positive constant C = C(R2, q,r, M) such that if
| +1UI <M, f e H N(Q), g € Ly, (Q) and (U —w A x)g € Hy {(Q), and if
(v, ) is a weak solution of (S) in I-.Iql’r(Q) X Ly r(82), then

IVVllgr +lI7llgr < € (1f =1, + Igllg,r +1U =@ AX)gN-1,4.r). (3.28)

Proof. Let us define

v =Y, v =1—-Y)v,
[m =yr and [7T2=(1 — ),

where 1/ is the same cut-off function as in the proof of Lemma 3.3. Then it follows
from Lemma 3.2(a) that for eachi =1, 2, (v;, ;) € qu’r(Q,') x L4 r(£2;), where
Q = Qg and €, = R3. Moreover, the pair (v;, ;) satisfies

((9e)

Lv;i + Vr; = f; in Q;,
div Vi = & in Q,’,
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where

H=vf+fo, L=0A-vY)f— fo,
fo=-2VY -Vo+[-AY + (U —w Ax)-VY]v+ VY,
gi=vg+gn &=0-v)g—g and go=Vy 0.

By virtue of Propositions 2.1 and 2.3, we obtain

Vv ”q,r;QR + |l ”q,r;QR

(3.29)
< C [ 1Al-rae + lotlyrag + | [ s
R
and
IVully,-re + 72l R
@ik @ik (3.30)
< C(I1Al—1grrs + 182l rms + U =0 AX)E2_1 g.013) -
Since V1 is supported in Ag = Bg \ Bg_s, it follows that
supp fo U supp go C Ag.
Moreover, adapting the proof of Lemma 3.2, we deduce that
I foll -1 g.rm3 < C (IVllg.ri0p + 171 -1.4.r:2¢)
and
||g0||—]’q,r;R3 + ”(U —wAN x)g0||—1,q,r;R3 S CHU”L],}’;QR'
Using these together with Lemma 3.2 (b), we thus have
NarQr _ R3 + T dx
Il fill=1,q.00 + 12121 g 1R / 1 (331)
R
= C (”f”—l,q,r + ”U”q,r;QR + ||7T||—1,q,r;QR)
and
”gln—l,q,r;QR + ||gZ||—1,q,r;R3 + (U —oA x)gZH—l,q,r;]R3 (3.32)
<C(llglgr + U =0 AX)gll-1.4.r + IVllg.ri2) -
Substituting (3.31) and (3.32) into (3.29) and (3.30), we have derived
”Vv”q,r + ||7T||q,r =C (”f”—l,q,r + ”g”q,r + U - A x)g”—l,q,r (3.33)

+||v||q,r;S2R + ||7T||71,q,r;§2R) .

We can now deduce the desired estimate (3.28) from (3.33) by using the unique-
ness result, Lemma 3.3. To do so, we argue by contradiction. Suppose thus that
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there are sequences {U,}, {w,} C R, {f,} C I:I(;}(Q), {gn} C Ly (D{vs}) C
H, (@) and {m,} C Ly, (%) such that

|Un| + lop| < M;  Lyv, + Vi, :fna diVUn:gn in €,
where L,v = —Av + (U, —w, A x) - Vv + w, A v, and

1= ”an”q,r + ||7Tn||q,r =n (”fn”—l,q,r + ”gn”q,r + [[(Up — wu A x)gn”—l,q,r) .

Then from the a priori estimate (3.33), we deduce that

1
1<cC (; + llvallg.rior + ||7Tn||l,q,r;S2R) . (3.34)

Moreover, by standard compactness results, we may assume that {(U,, w,)} —
{(U,w)} in R? x R? and {(v,, 7))} — {(v,7)} in the weak-* topology of
qu,r(Q) x Ly ,(£2). It is then easy to check that (v, ) is a weak solution in
H;’,(Q) x Ly (£2) of (S) with the trivial data (f, g) = (0, 0). Hence by Lemma
3.3, we must have (v, 7) = (0, 0). However, since the embeddings qu,r(Q) —
Ly (Qp) — H[;,I(QR) are compact, it follows that {(v,,7,)} — {(v,7)}
strongly in Lg - (Qg) X Hq_,1 (2g). Hence letting n — oo in (3.34), we obtain

1<C (”U”q,r;QR + ||7t||—1,q,r;QR) )

which is a contradiction. The proof of Lemma 3.4 is complete.

3.3. Proof of the existence

We finally prove the existence assertion of Theorem 1.3 by using suitable cut-off
functions; see also [8], [17] and [19].

Let v be the cut-off function satisfying (3.24). We also choose cut-off functions
é1, ¢2 € C®(R?) such that

_[L=R-2, _[o.xI=R-4,
¢1<x>—[07|x|2R_1 and ¢2(X)—[1,|x|2R_3. (3.35)

Then it is obvious that ¥¢; 4+ (1 — ¥)¢ = 1 on R3 and Vi, Vépy, Ve, are all
supported in the annulus Ag = B \ER_5.

Let (¢, r) be a fixed pair satisfying one of the three conditions in (1.7). Denote by
X the space of all pairs (f, g) € Hq_,l () x Ly () with (U —wAx)g € Hq_,1 (2).
It is easy to show that X is a Banach space equipped with the norm

1CF llx = I1Fl-1.q.r +11&llg.r + 11U =@ Ax)gll-1.4.r-

Let (f, g) € X be given. For each i = 1, 2, we denote by (S;(f, &), Pi(f, g)) the
solution (v;, ;) in H(},,(Qi) X Lg.r(§2;) of (S)g, with data (fi, &) = (¢ f, i g),
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where | = Qg and €, = R3 are as in the proof of Lemma 3.4. Then in view of
Propositions 2.1, 2.3 and Lemma 3.2, we have

(IVSi(f, g.rs + 1P (f, )llg.r0;) < CIC @lx- (3.36)

2
=1

1

We define a parametrix, an approximate solution of (S), as

S(f. 8) :=vSi1(f. )+ (1 =9)S2(f. 8).
P(f.g) :=vPi(f.8) + A =V)P(f. ).

It then follows from Lemma 3.2 and (3.36) that
(S(f.8). P(f.8) € H, .(Q) x Ly (Q)
and
IVS(f. Ollg.r + 1PCf )lg.r = CIS X (3.37)
By a direct calculation, we also obtain

[ LS(f,8)+VP(f,g)=f+Ei(f g in<Q,
divS(f,g) =g+ E2(f, 8) in 2,

where

Ei1(f,g) = =2Vy - V(Si1(f, 8) — S20f. ) + (P1(f, &) — P2(f, )V
+ (U —oAx)- VY — AY) (S1(f, 8) — S2(f5 8))

and

Ex(f.8) =V - (Si(f. 8) — $2(f. 8))-

We now show that E = (E, E») is a compact linear operator on X. To begin
with, we observe that

supp E1(f, g) U supp E2(f, g) C supp Vy C A,

which implies in particular that

1E2(f, &)llg.r = 1E2(f, &)llg.r;iar = CIVEL(S, ©)lg,r;Ax- (3.38)

On the other hand, it follows from Lemma 3.1 thatif 1 <s < 3 or (s,7) = (3, 1),
then

CIVols.. forall ¢ € H/ (),

. < .
Illear = ClIVellsq, forall g € H (); i=1,2. (3.39)
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Using (3.39) and (3.36), we have

IE1(f, @) lg.riar + IVE2(S, ©)llg.riag
< CIV(Si1(f. &) — S2(fs 8 g.riag + CIPI(Sf, &) — Pa(fs ©)lg.riag
+ ClIS1(f, 8) — S2(f, @) llg.riag (3.40)

2
< D (IVSi(f Dlgres + 1Pi(f. llg.rig;) < ClICL )lx-
i=1

Let us then choose any & € Cgo(A gr) with & = 1 on supp V. Recall also from
(1.7) that (¢’, r’) indeed satisfies either 1 < ¢’ < 3 or (¢/,r") = (3, 1). Hence
using (3.39) again, we have

(E1(f. 8).9) = (E1(f. 8).§9)

IELCS N -1.q.r:ax IVED g7 ag

CIEI(f, Ol -1,g,rar (10llg7r5 a5 + 1VOlg )
CIEL(f, Oll-1.q.r:ax IVl

IAIATA

and similarly

(U—-wnAx)Ex(f, 8),¢) = CIE2(f. &)ll-1.9.r:4: IV @l

for all ¢ € C(‘)’O(Q), which implies that

IE1(f, g)”—l,q,r + (U —w Ax)Ex(f, g)”—l,q,r

(3.41)
< C(IE\(f, ©)l-1,g.r:4% + I E2(, g)”fl,q,r;AR) .

Finally, since the embeddings H1 (AR) = L4 ,(AR) = H (AR) are compact,
it follows from (3.38), (3.40) and (3.41) that E maps X 1nt0 X compactly and of
course linearly.

‘We now show that /d + E is injective on X.

Supposethat(f g) € Xand (Id+E)(f, g) = 0. Thensince (S(f, g), P(f, g))
is a solution in H 1 +(2) x Ly (L2) of (S) with trivial data, it follows from the
uniqueness result i 1n Lemma 3.3 that (S(f, g), P(f, g)) = (0,0) in Q2. From the
definitions of S(f, g) and P(f, g), it follows that (S;(f, g), P1(f, g)) = (0,0) in
Qr_3 and (S2(f, ), P»(f, &) = (0,0) in R? \ Br_». Arguing as in the proof of
Lemma 3.2, we easily deduce that (S;(f, g), Pi(f, g)) € H(},,(BR) x Lg r(BR)
for each i = 1,2, where (S1(f, g), P1(f, g)) is extended to Bg by defining zero
outside 2r. Moreover, by the definitions of S;( f, g) and P;(f, g), we deduce that
(f1,g1) =(0,0)in Qgr_3 and (f2, g2) = (0, 0) in R3\ B g_». It then follows from
(3.35) that (f, &) = (0, 0) in Qg3 U(R\ Br—2) and (f1, g1) = (f2, £2) = ([ g)
in Qg. Hence both (S1(f, g), P1(f, g)) and (S2(f, g), P(f, g)) are solutions in
H, ,(Bg) X Lq ,(Bg) of the problem

Lv+Vnmr=f divv=g in Bg; v=0 on dBg.

It thus follows from Proposition 2.3 that S;(f, g) = S2(f, g) and VP (f, g) =
V P>(f, g) in Bg. Finally, using the definitions of S(f, g) and P(f, g) again, we
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deduce that S;(f, g) = S(f, g) = (0,0) and P;i(f, g) = P(f,g) = 0in Qg for
i = 1, 2. This allows us to conclude that (f, g) = (0, 0) in Q2 and so in the whole
domain 2. We have shown the injectivity of /d 4+ E on X. Therefore, it follows
from the Fredholm theory that /d 4+ E has a bounded inverse.

Given (f, g) € X, we define (f,2) = (Id + E)~'(f, g). Then a solution in
H, ,(Q)x Lq,,(R) of (S) is given by (v, ) = (S(f. 2). P(f.2)). This proves the
existence assertion of Theorem 1.3. We have completed the proof of Theorem 1.3.
O

4. Proofs of the main theorems

To begin with, we deduce two useful results from Theorem 1.3 and Lemma 3.3.

Theorem 4.1. Assume that g = 0, and let (q, r) satisfy one of the three conditions
in (1.7). Then for every f = divF with F' € Il ,, there exists a unique weak
solution (v, ) € V, , x Iy of (S).

Proof. The uniqueness assertion follows immediately from Theorem 1.3(or Lemma
3.3). To prove the existence, we use Theorem 1.3 again to deduce the existence of
two weak solutions (vy, 1) € 1:131/2700(9) x L3/2,00(£2) and (v2, m2) € I-.Iql,,(Q) X
Ly () of (S). Then (v, r) = (v1 — v, T — m2) satisfies

veH, (Q+H, (R, T €Ly o)+ Ly, (Q);
Lv+Vr =0, divv=0 in Q.

Hence it follows from Lemma 3.3 that (v, 7) = (0, 0) and so (vy, 1) = (v2, M) €
Vy.r X Iy . This completes the proof of Theorem 4.1.

Lemma 4.1. Assume thatg =0, f =divF and F € Ly(Q).If (v, ) € H21 (2) x
Lo (R2) is the weak solution of (S) obtained by Theorem 1.3, then v satisfies the

energy equality:
/|Vv|2dx=—/F-Vvdx.

Q Q

Proof. Choose a sequence {Fi} in Cg°(2) with Fy — F in L»(£2). Then by virtue
of Theorem 1.3, there exists a unique weak solution (v, ;) € H2l (2) x Lr(R2)
of (S) with F replaced by Fi. Moreover, there is a constant C = C(L2, |U| + |w|)
such that ||V (vk — v)[l2 < C||Fx — F|l2. On the other hand, since Fy € C{°(€), it
follows from Lemma 3.3 that [, Vo |>dx = — Jo Fx - Vg dx. Letting k — oo,
we obtain the energy equality.

To prove the main results, we also need Kozono and Yamazaki’s result
[26, Proposition 2.1] for Holder inequalities in Lorentz spaces.
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Lemmad.2. Let1 < q,q1,q2 < 00,1 <ry,rp <ocoand1/qg = 1/q1 + 1/q>.
If f € Lg;,r () and g € Ly, r,(2), then fg € Ly (), where r = min(ry, r2),
and

I gllg.r < Clflgrrillgllgrr
for some constant C = C(q1, 11, q2,72) > 0.

An immediate consequence of Lemmas 4.1 and 4.2 is the following bilinear
estimate whose easy proof is omitted.

Lemma 4.3. Suppose that 1 < g < 3,1 <r < ooand v € L3 (). Then for
every w € qu’,(Q), we have

vOw € Ly, () and |lv®@ wllg,r < Cllvllz,00llVwllg,r

for some constant C = C(q,r) > 0. Moreover, ifdivv = 0in Q and w € H21 (2),
then

/v®w:dex=0.
Q

‘We can now prove an existence result which will play a crucial role in our proofs
of both Theorems 1.1 and 1.2.

Proposition 4.1. Suppose that either (q,r) = (3/2,00) or 3/2 < g < 3,1 <
r < oc. Then there are positive constants 5, = 8,(2,q,r), Co = Cy(2) and
Cy = Cy(R,q,r) such that if F € Ty, and |U| + |o| + [|F||3/2,00 < 8. then
there exists at least one weak solution (v, w) € Vy , x Iy, of (NS ) satisfying the
estimates

vlI3,00 + IVVII3/2,00 + 17 13/2,00 < Co (IU] + || + I Fll3/2,00)  (4.42)
and
Illg=.r + IVVllg.r + 7 llgr < Co (U1 + |l + [ Fllg,r) - (4.43)

Proof. We may assume that |U| + |o| + [[F|[3/2,00 < 1. Let v € V; , be fixed.

Then since v € H31/2_00(§2) — L3,50(2), it follows from (1.3), (1.4), Lemmas 4.3
and 3.1 that '

10537200 = € (11 + ool + V01 2,06 (4.44)
and

106 llg.r < Cqr (U1 + @) + Cqr (IU] + 0] + I VII3/2,00) [ VVllg,r (4.45)
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for some C = C(2) and C = C(L2, g, r). Hence by Theorem 4.1, there exists a
unique v = 7 (v) € V,, such that for some unique @ € I, ,(€2), the pair (v, )
is a weak solution of the following linear problem:

Ly + V7 = div (F — Q,(v)) in Q,

divi =0 in 2,
v=0 on 0€2, (4.46)
v7(x) = 0 as |x| — oo.

Moreover, it follows from Theorem 1.3, (4.44) and (4.45) that for all v, vy, v2 €
Vy.r» We have

IVT@)l3/2.00 < CIF = Qp(0)l13/2.00
< C*(IU]+ lo| + I F13/2.00) + C*IVVI3/2.000

IVT@lgr < CIF = Qp)llg.s
< C:, (U1 + ol + [ Fllg.r)

+Cy (U] + ol + 1Vvll3/2,00) IV Vllg,r
and

17 (1) =T )lly,,
= Cl1Qp(v1) — Qp(v2)lim,,
< C;, (U + ol + 1IVil3/2.00 + IV021l3/2.00) llv1 = v2llv,,,
for some constants C* = C*(2) and C;;), = C;",(Q, q,r) with C;}‘,r >C* > 1.

Let us now suppose that

1 -2
I+ 10l + [ Fls0 < 8= 5 (Cr0) (447)

and let B be the closed set of all v € V,; - such that

IVoll3/2,00 < 2C* (U] + |o] + [ Fll3/2,00)

and
Ul + o] + IVollgr <2C;, (IUl+ @l +IFllg.r) -
Then for all v, vy, v2 € B, we easily obtain

IVT (W) [13/2,00 < 2C* (U] + 0| + | FlI3/2,00) »

IVT W)llg,r < 2C;, (1U] + |l + 1 Fllq.r)

and

1
IT@) = Tl < 5lvi = vy,
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Therefore, 7 is a contraction on the complete metric space B and thus has a fixed
point v in B by the Banach fixed point theorem.

To complete the proof, it remains to derive the estimates (4.42) and (4.43) for
the solution (v, ) of (NS), where 7 is the pressure associated with v. To do so,
we can argue as before using Theorem 1.3, (4.44), (4.45) and (4.47) together with
the fact that v = 7 (v) € B. Indeed, we have

V113,00 + IVVI13/2,00 + 7 13/2,00 < CIF — Qp(0)13/2,00
< C (U] + ol + [ Fll3/2.00) + CIIVVI3 2,00
< C, (U] + |o| + | Fll32,00)

for some C(’) = C(’)(SZ) > 0, which proves (4.42). The proof of (4.43) is similar and
omitted. This completes the proof of Proposition 4.1.

We are now ready to prove Theorems 1.1, 1.2 and their corollaries.

Proof of Theorem.1.1. Let §y be any positive number less than or equal to the small
constant &) = §((£2, 3/2, 0o) in Proposition 4.1. Suppose that F € L33 50 (2) =

I13/2,00 and |U| + |o| + ||F||3/2 0 < 80. Then by Proposition 4.1, there exists at
least one solution (vy, 1) € H3/2 00 (2) X L3200 (2) of (NS) satisfying the esti-

mate (4.42). Let (va, m2) € H3/2’OO(Q) X L3/2,00(£2) be a solution of (NS) which
is possibly different from (vy, 7). Then arguing as in the proof of Proposition 4.1,
we have

V(v —v2)lI3/2,00 + 171 — m2113/2,00 < CllQp(v1) — Op(v2)13/2,00
for some C = C(R2). By Lemma 4.3, we also have

CllQp(v1) — Op(v2)I3/2,00
< C' (U] + ol + v 3,00 + [V2013,00) 1V (01 = v2)1I3/2,00

for some C’ = C’(R2) > 1. Therefore, taking

1 1
80 = min (86, 4—0) and &g = i

and assuming that

V113,005 IV2]13,00 < €0,
we conclude that (v, 1) = (v2, m2). This completes the proof of Theorem 1.1.

Proof of Corollary 1.1. Since the constant Cy in the estimate (1.6) is independent
of n, it follows from Alaoglu’s compactness theorem that there exist a subse-
quence of {(v,, m,)}, which we denote by {(v,, )} again, and a pair (v, 7) in
I-'I31/2’OO(Q) x L3/2,00(S2) such that v, — ¥ weakly-* in L3 o (€2) and (Vv,, m,) —
(Vv, ) weakly-* in L3/2 00 (2). It is easy to show that ¥ also satisfies the estimate
(1.5).
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On the other hand, it is well-known that H, .00(@) = HI(Q) = {u €
Ly() : Vu € Ly(22)} for any ¢ < 3/2 and bounded Q" C Q. Hence it follows
from the Rellich compactness theorem that v, — ¥ in L, (') for any ¢ < 3 and
bounded ' C Q. These convergence properties enable us to deduce, by a stan-
dard argument, that (v, 77) is a weak solution in H;/z’w(fz) X L3/2,00(£2) of (NS)
withdata (F, U, w). Butsince both (v, ) and (v, 77) satisfy the smallness condition
(1.5), it follows from the uniqueness assertion of Theorem 1.1 that (v, 7) = (v, 7).

In fact, the above argument yields that every subsequence of {(v,, 7,)} has a
subsequence that converges weakly-* in H3l 1, 00 (§2) X L3/2,00(£2) to the same limit
(v, ). Therefore by a standard contradiction argument using Alaoglu’s compact-
ness theorem we easily deduce the convergence of the full sequence {(v,, )} to
(v, m).

Proof of Theorem 1.2. Let 3/2 < q < 3 and 1 < r < oo, and suppose that
F eIy ,and |U|+ ||+ Fll3/2,00 < 8y = 8,(K2, g, 7). Then by Proposition 4.1,
there exists at least one solution (vq, 1) € Vg, x I, , of (NS) satisfying the esti-
mates (4.42) and (4.43). This proves the existence assertion of the theorem, in partic-
ular. To prove the uniqueness, let us suppose that (v2, 72) € Vg » x I, isasolution
of (NS) which is possibly different from (v, 7). Let us define (v, ) € V, , x 1y »
by

(v, ) = (v1 — v2, T — TM2).
Then (v, ) is a solution in V,; , x Il , of the following linear problem:

Lv+Vr =divG in L,

RS s
v(x) > 0 as |x| — oo,
where
G =0p(v2) — Qp(v1) =v® (v +b) + (12 +D) @ v.
Assume for the moment that (v, ) has the following additional regularity
(v, ) € Hy () x La(R). (4.49)

Then since vy, v2 € L3,00(R2) and b € Cgf’g(Q), it follows from Lemmas 4.3
and 4.1 that

||Vv||§=—/G:Vvdx=—/u®(u1+b):wdx
Q Q
< C (U] + ol + llvil13,00) IVvll3

for some C. Since (v1, 1) satisfies the estimate (4.42), we thus obtain

VI3 < Co (IU] + || + | Fll3/2,00) IVVII3
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for some Coy = Cp(£2). Therefore, assuming that
U] + ol + | Fll3/2,00 < § = min(8p, 1/2Co),

we conclude that ||Vv||§ = 0 and so (v, m1) = (v2, 2) in Q.

Therefore, to complete the uniqueness proof, it remains to prove (4.49). This
can be shown by a bootstrap argument based on Theorems 1.3 and 4.1. First of all,
noting that

U, V1,12 € Vg r = Vjoo = L3,00(82) N Ly 00(82),

we deduce from Lemma 4.2 that G € L3/2,60(2) N Ly, 00 (£2), where 51 = ¢*/2 >
3/2. Suppose that s; < 3. Then since 3/2 < s1 < 3 and G € Il , it follows
from Theorems 1.3, 4.1, Lemmas 3.1 and 4.2 that

v E V00— L3,OO(Q) N Ls’l“,oo(Q) and G e L3/2‘oo(Q) N Lsz,oo(Q)»

1 1+1 1+ 1 1 1
—_— =t —=— — =) < —.
2 q* sy s q* 3 51

Similarly, if s < 3, then we have

VE Voo and G € L3/2,00(82) N Ly 00(£2),

1 1+1 1+ 1 1 1
—=— 4 —=— — =) < —.
53 9% 85 s q* 3 §2

Hence by a simple induction, we conclude that

v E Vsj-,oo and G € L3/2,OO(Q) n LsHl,oo(Q)

where

where

for all j with s; < 3, where {s;} is a sequence defined recursively by

g* I TS TR A SR A
si=—— and —=—+—S=—+|——-2) (G=D.

2 Siy1 q* 55 s qg* 3

Since 3 < ¢* < oo, it follows that 0 < 1/s; < 2/3 and 1/s; > 1/s;41 >
1/sj — 1/3 for all j > 1. Hence there exists the smallest j = jo > 1 such that
0 < 1/s; < 1/3 or equivalently s; > 3. By definition of jy, we deduce that
G € L3,00(2) N szo,oo(Q) and sj, > 3. It follows from the reiteration theo-
rem in real interpolation theory that G € Ls(2) for all 3/2 < s < 3. Hence by
Theorems 1.3 and 4.1, we have

(v, ) € H'(Q) x Ly(Q) forall 3/2 <s <3,
which proves (4.49). This completes the proof of Theorem 1.2.

Proof of Corollary 1.2. The proof is exactly the same as that of Corollary 1.1 and
so omitted.
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