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Abstract
Background

The response of heart rate to changes in exercise intensity is
comprised of several dynamic modes with differing magnitudes and
temporal characteristics. Investigations of empirical identification of
dynamic models of heart rate showed that second-order models gave
substantially and significantly better model fidelity compared to the
first order case. In the present work, we aimed to reanalyse data from
previous studies to more closely consider the effect of including a zero
and a pure delay in the model.

Methods

This is a retrospective analysis of 22 treadmill (TM) and 54 cycle
ergometer (CE) data sets from a total of 38 healthy participants. A
linear, time-invariant plant model structure with up to two poles, a
zero and a dead time is considered. Empirical estimation of the free
parameters was performed using least-squares optimisation. The
primary outcome measure is model fit, which is a normalised root-
mean-square model error.

Results

A model comprising parallel connection of two first-order transfer
functions, one with a dead time and one without, was found to give
the highest fit (56.7 % for TM, 54.3 % for CE), whereby the non-delayed
component appeared to merely capture initial transients in the data
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and the part with dead time likely represented the true dynamic
response of heart rate to the excitation. In comparison, a simple first-
order model without dead time gave substantially lower fit than the
parallel model (50.2 % for TM, 47.9 % for CE).

Conclusions

This preliminary analysis points to a linear first-order system with
dead time as being an appropriate model for heart rate response to
exercise using treadmill and cycle ergometer modalities. In order to
avoid biased estimates, it is vitally important that, prior to parameter
estimation and validation, careful attention is paid to data
preprocessing in order to eliminate transients and trends.

Keywords
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ergometer exercise
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1. Introduction

It has been proposed that heart rate response to changes in exercise intensity comprises three main phases':
an immediate, relatively small and fast Phase I; a slower, delayed and larger Phase II; and, if the exercise intensity
exceeds the anaerobic threshold, a later and very slow Phase III drift.

This observation led to the investigation of empirical identification of dynamic models of heart rate using first- and
second-order transfer functions for treadmill (TM)” and cycle ergometer (CE)* exercise. The second-order case was
anticipated to capture Phase I and II response modes; but, since the models were intended to be used for analytical design
of feedback controllers for heart rate, where integral action would cancel very slow drift, Phase III was not considered; in
addition, to simplify feedback design, dead time was neglected.

Thus, in both of the preceding investigations of heart rate dynamics®** the dynamic response of heart rate was modelled as
nominal linear transfer functions P, (s) of first (P1) and second (P2) order:

k k

Pl1: P,(s)= , P2: P)(s)=——
)=t ) = e D+ 1)

M
where k is a steady-state gain and the 7’s are time constants.

It was found that second-order models gave substantially and significantly better model fidelity compared to the first
ordericase (TM,z CE4) and that feedback control of heart rate was more accurate when based on second-order models
(TM,” CEY.

But the classical Phase I - Phase II model of heart rate response’*> comprises the parallel connection of two first-order
models, i.e. the sum of a first-order transfer function of the form P1 above and a P1 with pure delay. Theoretically, this
would lead to a second-order model with two poles, but also—when dead time is neglected—with a single zero. The effect
of this (theoretical) zero was not reported in the previous studies™” as it was found not to lead to any difference in
empirical model fit, presumably due to overfitting. Furthermore, since the classical sources propose the addition of a dead
time to one of the modes to capture the slightly later onset of the Phase II component, the inclusion of a pure delay
warrants further attention.

The present work therefore aimed to perform a retrospective analysis of the previous investigations of heart rate dynamics
during treadmill® and cycle ergometer” exercise to more closely consider the effect of including a zero and a dead time in
the model. The respective datasets are available on the OLOS repository.®’

2. Methods

2.1 Data collection

Full details of experimental procedures employed for data collection in the preceding treadmill and cycle ergometer
investigations can be found in the respective publications.” Essential elements of the protocols are summarised in this
Brief Report.

For both exercise modalities, healthy, able-bodied participants exercised at moderate-to-vigorous intensity: in the
treadmill analysis® there were 11 participants; for the cycle ergometer” there were 27. A similar pseudo-random binary
sequence (PRBS) input signal was employed in both cases to excite relevant modes of heart rate response dynamics. All
participants performed two identical open-loop identification tests to facilitate counterbalanced cross-validation of model
parameter estimates: consequently, there were 22 TM data sets and 54 CE data sets. All of these data sets were included in
the present retrospective analysis.

To aid the following Discussion (Sec. 4), all existing heart rate measurements that were included in the parameter
estimation and validation procedures are illustrated (Figure 1).

2.2 Model structures
In the present work, we consider a linear, time-invariant (LTI) plant model structure with up to two poles, a zero and a
dead time, that maps an input signal u to the output y, namely

k(T;s+1)

_ —Tys .
P = st D@t ¢ Y @
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Figure 1. Heart rate measurements. In each plot, thin lines are the individual measurements (22 for TM, 54 for CE);
the thick red lines are averages of the individual measurements. Data are plotted as deviations /\ HR around mean
heart rate levels. (a) Treadmill, (b) Cycle Ergometer.

Table 1. Model structures.

Model Po(s) constraints (cf. Eq. (2))
P1 # 7,=0,T4=0,71=17,72=0
P1D zsljﬂ e Tas T,=0,711=7,12=0
k _ _
P2 (erst1) (r25+7) T;=0,T¢=0
k = —
P2D (1 S+‘I)(tz$+1)e Tas Tz =0
P27 k(T;s+1) Td =0
(115+1)(r25+1)
P27D __kTs41) _o-Tys none
(r15+1)(25+1)
P1|P1D ko4 Koo o-Tus N/A

p1S+T 1 1pp5+1

Model names can be interpreted as follows: 1 = first order, 2 = second order, D = dead time, Z = zero.
P1||P1D denotes parallel connection of P1 and P1D models.
N/A = not applicable.

where k is the steady-state gain, 7, and 7, are time constants (corresponding to real poles at s = —1/7; and s = —1/12),
T, admits a zero (s= —1/T,), and T is a pure delay. The general model Eq. (2) can be constrained by choice of the s,
T, and T, to several simpler structures as summarised in tabular form (Table 1): in total, the seven model structures listed
were considered in the present analysis; this includes one formed by the parallel connection of two first-order transfer
functions, one with a dead time and one without, viz. P1||P1D.

The generic plant output signal y corresponds to heart rate [beats/min, bpm] while the input # depends on the exercise
modality: for the treadmill, it is speed [m/s]; for the cycle ergometer, it is work rate [W]. As noted above, the input for both
modalities took the form of a PRBS signal.

2.3 Parameter estimation and outcome measure

Empirical parameter estimation was performed using the Matlab System Identification Toolbox (The MathWorks, Inc.,
USA), wherefore, in the table (Table 1), we have adopted model names corresponding to the terminology used in the
toolbox. In general, models of the form Eq. (2) are referred to in the toolbox as “process models”.

Estimation of the free model parameters—*&, the z’s, T, and T4 in Eq. (2), constrained for the different model structures as
indicated in Table 1—was done with the Matlab procest function using least-squares optimisation with regularly sampled
time-domain data.® To focus the search algorithm, model parameters were constrained to lie in physiologically plausible
ranges. As in our previous work " separate models were identified for each individual data set and counterbalanced cross-
validation was employed by pairing the two measurements for each participant.
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The primary outcome measure is model fit, which is a normalised root-mean-square model error (NRMSE):

fit = <1 _ \/va—l]\gy(l) _ysim(i))2> (3)
im0 =)

where y is the mean heart rate and y;,, is the heart rate that was simulated using the estimated models. The summations
range over the evaluation period up to the number of discrete data points included, N. A sample period of 5 s was used.

Model fit was computed using the Matlab compare function.

3. Results

Goodness-of-fit values for the seven model structures and two exercise modalities are summarised in Table 2; the
estimated model parameters are also tabulated (Table 3).

Table 2. Mean model fit (normalised RMSE, Eq. (3), [%]).

Modality P1 P2 P2D P2z P2ZD P1||P1D
™ 50.2 54.5 54.5 53.9 55.2 56.7
CE 47.9 51.0 52.1 50.4 52.8 54.3
Values are averages of individual fits for n=22 TM models and n =54 CE models.
RMSE = root-mean-square error, TM = treadmill, CE = cycle ergometer.
Table 3. Model parameters for treadmill (TM) and cycle ergometer (CE).
Model Modality k/(bpm/[u]) 71/S 72/S T;/s Tq/s
P1 ™ 28.6 70.6 - - -
CE 0.46 68.8 - - -
P1D ™ 25.0 47.7 = = 131
CE 0.40 45.9 - - 13.8
P2 ™ 24.7 18.6 37.8 - -
CE 0.39 19.6 37.7 - -
P2D ™ 239 13.7 37.8 = 5.4
CE 0.38 15.5 33.2 = 6.9
P2z ™ 241 24.9 40.2 7.3 -
CE 0.38 31.2 46.2 18.7 -
P2ZD ™ 23.7 33.2 50.6 38.4 11.1
CE 0.39 335 59.4 50.0 12.5
P1||(P1D)* ™ 7.0 141.5 - - -
CE 0.09 180.7 - - -
(P1)||P1D* ™ 20.2 34.3 = = 17.9
CE 0.35 37.9 = = 171

Values are averages of individual parameters for n =22 TM models and n = 54 CE models.[u] - units of the input signal: for the TM, m/s; for

the CE, W.

*For the P1||P1D model structure, parameters are shown separately for the P1 (second-bottom row) and P1D (bottom row) components: k
and 77 correspond respectively to kp; and 7,1, or kp2 and 7,2, in the bottom row of Table 1.
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4. Discussion

Goodness-of-fit outcomes for the treadmill and cycle ergometer followed a similar pattern. There was a substantial
improvement in fit for P1D vs. P1, indicating the clear presence of dead time in heart rate response; T'; for P1D was similar
for TM and CE at 13.1 s and 13.8 s, respectively (Table 3).

Model fit for P2, P2D and P2Z was similar to P1D, while P2ZD showed a further slight improvement. It has to be
remarked, however, that estimated 7', values for individual models varied widely on the range -15 s to 100 s, thus
displaying in part negative-phase behaviour (i.e. 7', < 0). Furthermore, fit for P2Z was slightly lower than for P1D, P2 and
P2D. Taken together, these observations point to a degree of overfitting when a plant zero is included.

Having excluded further consideration of models with a zero, we note a further substantial increase in fit for the parallel
P1||P1D model structure when compared to P1D, P2 and P2D. A critical observation in this regard is that the P1
parameters in the P1||P1D structure displayed very small gains and very large time constants when compared to the
parallel-models’ P1D parameters (Table 3): for the TM, the gains were 7.0 bpm/(m/s) and 20.2 bpm/(m/s), (P1 vs. P1D),
and the time constants 141.5 s vs. 34.3 s; for the CE, gains were 0.09 bpm/W vs. 0.35 bpm/W and time constants 180.7 s
vs. 379 s.

A likely explanation for this apparent anomaly can be gleaned by perusal of the heart rate measurements (Figure 1). It can
be seen that there is a small yet clearly discernible drift in heart rate during the first few minutes of the responses, with the
duration of drift in line with the observed P1 time constants 141.5 s (TM, Figure 1a) and 180.7 s (CE, Figure 1b). Itis
therefore plausible that the P1 part of the P1||P1D model merely reflects the initial transient, while the P1D part represents
the true dynamic response of heart rate to the excitation. Care should therefore be taken in future investigations to exclude
initial transients and slow trends prior to parameter estimation and validation.

The gains and time constants are seen to be somewhat lower for the P1D part of the P1||P1D model than for the P1D-only
model (gains 20.2 bpm/(m/s) vs. 25.0 bpm/(m/s) for TM, 0.35 bpm/W vs. 0.40 bpm/W for CE; time constants 34.3 s
vs. 47.7 s for TM, 37.9 s vs. 45.9 s for CE; Table 3), and the dead times somewhat higher (17.9 s vs. 13.1 s forTM, 17.1 s
vs. 13.8 s for CE). These differences are likely due to model bias introduced in the P1D-only model as a consequence of
the initial drift in heart rate, as discussed above.

As noted in previous reports”** second-order models of the form P2 gave substantially and significantly better fidelity than
first-order models P1 (cf. Table 2). However, the identification here of a substantial dead time, coupled with the observed
superiority of the P1D part of the parallel P1|[P1D model (following elimination of heart rate drift), suggests that the
second time constant in the P2 model may simply have partially absorbed the neglected time delay rather than having
modelled any underlying dynamic mode in the heart rate response.

A final observation is that the time constants for the TM and CE, when compared for all seven model structures, are in
strikingly close agreement (Table 3). This is in line with a previous comparison of heart rate dynamics between the TM
and CE modalities that showed no significant difference in the time constant of heart rate response.’

Due to the retrospective nature of this investigation—that used existing data sets—the results and conclusions are
considered to be provisional, but they do provide insights for the design of future studies: to avoid the confounding effect
of initial transients, the plant input test signal should be designed to ensure that a physiological steady state has been
reached in advance of the data evaluation period; a formal, statistical study design should be employed for comparison of
the different model structures - the results of the present work provide effect-size estimates for statistical power and
sample size calculations.

5. Conclusions

This preliminary analysis points to the P1D structure—that is to say, a linear first-order system with dead time—as being
an appropriate model for heart rate response to exercise using treadmill and cycle ergometer modalities. In order to avoid
biased estimates, it is vitally important that, prior to parameter estimation and validation, careful attention is paid to data
preprocessing in order to eliminate transients and trends.

Ethical considerations
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the study.
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Data availability
The datasets analysed in this research are available in the OLOS repository as follows:

Identification of heart rate dynamics during treadmill exercise: comparison of first- and second-order models - Treadmill
dataset, https://doi.org/10.34914/o0los:bivg3dcebff5dfrqtbf3v5y7si.°

Heart rate dynamics identification and control in cycle ergometer exercise: Comparison of first- and second-order
performance --Cycle ergometer dataset, https://doi.org/10.34914/0los:xtyv7akiu5Sbzdba3oemrarg4ru.’

Please click on the link, then click on the “Files” tab at the bottom right of the screen to access the data.

Data is available under the terms of the Creative Commons Attribution 4.0 International license.

Software

Data analysis was conducted using third-party proprietary software (Matlab, Release 2024a, The MathWorks, Inc.,

USA). There is no open-source alternative that performs the specific functions employed. The Methods section of this
article provides sufficient information to allow replication of the analysis, i.e. Matlab function names and mathematical

definitions of the outcome measures.
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