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Abstract

The reticulation of an algebra A is a bounded distributive lattice whose
prime spectrum of ideals (or filters), endowed with the Stone topology, is homeo-
morphic to the prime spectrum of congruences ofA, with its own Stone topology.
The reticulation allows algebraic and topological properties to be transferred
between the algebra A and this bounded distributive lattice, a transfer which
is facilitated if we can define a reticulation functor from a variety containing A
to the variety of (bounded) distributive lattices. In this paper, we continue the
study of the reticulation of a universal algebra initiated in [27], where we have
used the notion of prime congruence introduced through the term condition
commutator, for the purpose of creating a common setting for the study of the
reticulation, applicable both to classical algebraic structures and to the alge-
bras of logics. We characterize morphisms which admit an image through the
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reticulation and investigate the kinds of varieties that admit reticulation func-
tors; we prove that these include semi–degenerate congruence–distributive vari-
eties with the Compact Intersection Property and semi–degenerate congruence–
distributive varieties with congruence intersection terms, as well as generaliza-
tions of these, and additional varietal properties ensure that the reticulation
functors preserve the injectivity of morphisms. We also study the property of
morphisms of having an image through the reticulation in relation to another
property, involving the complemented elements of congruence lattices, exem-
plify the transfer of properties through the reticulation with conditions Going
Up, Going Down, Lying Over and the Congruence Boolean Lifting Property,
and illustrate the applicability of such a transfer by using it to derive results
for certain types of varieties from properties of bounded distributive lattices.
2010 Mathematics Subject Classification: primary: 08B10; secondary:
08A30, 06B10, 06F35, 03G25.
Keywords: (congruence–modular, congruence–distributive, semi–degenerate)
variety, (term condition, modular) commutator, (prime, compact) congruence,
reticulation.

1 Introduction

The reticulation of an algebra A from a variety C is a bounded distributive lattice
L(A) such that the spectrum of the prime congruences of A, endowed with the Stone
topology, is homeomorphic to the spectrum of the prime ideals or the prime filters
of L(A), endowed with its Stone topology. The construction for the reticulations
of the members of C allows algebraic and topological properties to be transferred
between C and the variety D01 of bounded distributive lattices. While a known
property of bounded distributive lattices ensures the uniqueness of L(A) up to a
lattice isomorphism (once we have chosen, for its construction, either its spectrum
of prime ideals or that of its prime filters, since the reticulation constructed w.r.t. to
one of these prime spectra is dually lattice isomorphic to the one constructed w.r.t.
the other), prior to our construction for the setting of universal algebra from [27],
the existence of the reticulation had only been proven for several concrete varieties
C, out of which we mention: commutative unitary rings [33, 48], unitary rings [10],
MV algebras [9], BL algebras [20] and (bounded commutative integral) residuated
lattices [39, 40, 42].

In [27], we have constructed the reticulation for any algebra whose one–class
congruence is compact, whose term condition commutator is commutative and dis-
tributive w.r.t. arbitrary joins and whose set of compact congruences is closed w.r.t.
this commutator operation. In particular, our construction can be applied to any
algebra from a semi–degenerate congruence–modular variety having the set of the
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compact congruences closed w.r.t. the modular commutator, hence this construction
generalizes all previous constructions of the reticulation for particular varieties, and
can be further applied to other varieties, both of classical algebras and of algebras
arising in the study of non–classical logics. Indeed, note, in the papers cited above,
that the construction for the reticulations of residuated lattices, which generalizes
that for BL algebras, which in turn generalizes that for MV algebras, relies on prime
filters of residuated lattices, which are just the meet–prime elements of their lattices
of filters, which are isomorphic to their lattices of congruences, whose meet–prime
elements are exactly their prime congruences w.r.t. the commutator since the com-
mutator equals the intersection in the congruence–distributive variety of residuated
lattices, thus also in its subvarieties of BL algebras, respectively MV algebras; on
the other hand, the construction of the reticulation for unitary rings, which gen-
eralizes that for commutative unitary rings, relies on prime ideals, i.e. the ideals
which are prime w.r.t. the multiplication of ideals, which are taken by the isomor-
phism between the lattice of ideals and the lattice of congruences into the prime
congruences w.r.t. the modular commutator; hence our choice for the definition
of the reticulation in this general setting, relying on congruences which are prime
w.r.t. the commutator. Out of the many definitions for the commutator that can be
found in mathematical litterature, we have chosen to work with the term condition
commutator defined in [37], that we often simply call commutator; recall that, if A
is a member of a congruence–modular variety, then all notions of commutator define
the same commutator operation on A, usually referred to as the modular commuta-
tor on A. Moreover, most of our results can be applied to individual algebras that
satisfy the conditions we enforce on their term condition commutator, even without
investigating the varieties they generate or any variety they belong to, which can
turn out useful in the study of non–equational classes of algebras.

After a preliminaries section in which we remind some notions from universal
algebra and establish several notations, we recall our construction from [27] for the
reticulation in this universal algebra setting in Section 3. A very useful tool for
transferring properties through the reticulation between C and D01 is a reticulation
functor L : C → D01, whose preservation properties can be used for such a transfer.
In [27], we have defined an image through the reticulation for any surjective mor-
phism between algebras satisfying the conditions above for the compact congruences
and the term condition commutator. In Section 4 we introduce the functoriality of
the reticulation, which essentially means, for an arbitrary morphism f : A → B in
C between algebras A and B from C having the commutators with the properties
above, that f admits an image L(f) through the reticulation, that is f induces a 0
and join–preserving function L(f) : L(A)→ L(B). The reticulations of the members
of C along with these images of the morphisms in C through the reticulation give us
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a functor from the category C to the category of (bounded) distributive lattices iff all
morphisms in C satisfy the functoriality of the reticulation and their images through
the reticulation also preserve the meet (and the 1); we call such a functor a reticula-
tion functor for the variety C. It turns out that the admissible morphisms we have
studied in [26, 43], that is the morphisms with the property that the inverse images
of prime congruences through those morphisms are again prime congruences, are ex-
actly the morphisms satisfying the functoriality of the reticulation and whose images
through the reticulation are lattice morphisms. Unfortunately, we have not been able
to construct a reticulation functor in the most general case for which we have con-
structed the reticulation, but we have obtained reticulation functors for remarkable
kinds of varieties, such as semi–degenerate congruence–distributive varieties with the
Compact Intersection Property (CIP) and semi–degenerate congruence–modular va-
rieties with compact commutator terms, a notion we have defined by analogy to the
more restrictive one of a congruence–distributive variety with compact intersection
terms. Varieties with stronger properties, such as semi–degenerate congruence–
extensible congruence–distributive varieties with the CIP or semi–degenerate vari-
eties with equationally definable principal congruences (EDPC) and the CIP turn
out to have reticulation functors which preserve the injectivity of morphisms. We
conclude this section by transferring properties Going Up, Going Down and Lying
Over on admissible morphisms through the reticulation, and, as an illustration of
the applicability of the reticulation, using this transfer to derive a result on varieties
with EDPC, which states that admissible morphisms in varieties with EDPC satisfy
Going Up and admissible morphisms in semi–degenerate varieties with EDPC also
satisfy Lying Over, which generalizes the similar results on MV algebras from [11]
and on BL algebras from [47] (see also [16] for MV algebras and [36] for BL alge-
bras); of course, our general result can also be applied to l–groups, BCK algebras,
MTL algebras, Heyting algebras (see [30] for BCK algebras and other algebras of
logic) etc.. In Section 5 we study the functoriality of the reticulation in relation
with another property of morphisms, that we call functoriality of the Boolean cen-
ter, involving the complemented elements of the congruence lattice of an algebra
A, which form a Boolean sublattice of the lattice of congruences of A, called the
Boolean center of this congruence lattice, whenever A satisfies the conditions above
on compact congruences and the term condition commutator and, additionally, has
the property that the term condition commutator of any congruence α of A with the
one–class congruence of A equals α, in particular whenever A is a member of a semi–
degenerate congruence–modular variety and has the set of the compact congruences
closed w.r.t. the modular commutator. The functoriality of the Boolean center on a
morphism f : A → B in C between algebras with the commutators as above essen-
tially means that f induces a Boolean morphism between the Boolean centers of the
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congruence lattices of A and B; if all morphisms in C have this property, then we
can define a functor from the category C to the category of Boolean algebras. We
also study another property related to these Boolean centers, namely the Congru-
ence Boolean Lifting Property (CBLP), which turns out to be transferrable through
the reticulation in the case when C is semi–degenerate and congruence–modular.
We conclude our paper with Section 6, containing examples for the notions in the
previous sections which also prove independence relations between these notions.

2 Preliminaries

We refer the reader to [1, 14, 29, 35] for a further study of the following notions
from universal algebra, to [7, 13, 17, 28, 46] for the lattice–theoretical ones, to
[1, 21, 35, 45] for the results on commutators and to [1, 18, 19, 26, 43, 31] for the
Stone topologies.

All algebras will be non–empty and they will be designated by their underlying
sets; by trivial algebra we mean one–element algebra. For brevity, we denote by
A ∼= B the fact that two algebras A and B of the same type are isomorphic. We
abbreviate by CIP and PIP the Compact Intersection Property and the Principal
Intersection Property, respectively.

N denotes the set of the natural numbers, N∗ = N \ {0}, and, for any a, b ∈ N,
we denote by a, b the interval in the lattice (N,≤) bounded by a and b, where ≤ is
the natural order. Let M , N be sets and S ⊆M . Then P(M) denotes the set of the
subsets of M and (Eq(M),∨,∩,∆M = {(x, x) | x ∈M},∇M = M2) is the bounded
lattice of the equivalences on M . We denote by iS,M : S → M the inclusion map
and by idM = iM,M the identity map ofM . For any function f : M → N , we denote
by Ker(f) the kernel of f , by f∗ the inverse image of f2 = f × f : M2 → N2 and
we use the common notation f for the direct image of f2.

Let L be a lattice. Then Cp(L) denotes the set of the compact elements of L,
and Id(L) and SpecId(L) denote the set of the ideals and that of the prime ideals
of L, respectively. Let U ⊆ L and u ∈ L. Then [U) and [u) denote the filters of
L generated by U and by u, respectively, while (U ] and (u] denote the ideals of L
generated by U and by u, respectively.

We denote by Ln the n–element chain for any n ∈ N∗, byM3 the five–element
modular non–distributive lattice and by N5 the five–element non–modular lattice.
Recall that a frame is a complete lattice with the meet distributive w.r.t. arbitrary
joins.

Throughout this paper, by functor we mean covariant functor. B denotes the
functor from the variety of bounded distributive lattices to the variety of Boolean
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